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Introduction 

The concept of reflection positivity has its origins in the work of Osterwalder-Schrader 
[OS73] IOS75] on constructive quantum field theory and duality between unitary rep- 
resentations of the euclidean motion group £ n = (ffi) K WL n of orientation preserving 
rigid motions of euclidean n-space and the Poincare group V n = 0^ n _ 1 (R) k M 1 '" -1 
of affine isometries of n-dimensional Minkowski space. Here O^.^R) is the group 
preserving the Lorentz form (t,x) h-> t 2 — \\x\\ 2 and mapping the forward light cone 
£1 = {(t,x) | t 2 — ||a:|| 2 > 0,t > 0} onto itself. Multiplying the time coordinate t by i 
transform the Lorentz form into — t 2 — |ir|| 2 = — ||(i,a:)|| 2 setting up a duality between 
the groups V n and £ n . 

On the mathematical side this duality can be made precise as follows. If g is a 
Lie algebra with an involutive automorphism r, then we have the r-eigenspace decom- 
position g — i) Q) q — ker(r — 1) © ker(r + 1) and the subspace g c := () © iq of the 
complexification gc of g is another real form. We thus obtain a duality between the 
pairs (g,r) and (g c ,r). At the core of the notion of reflection positivity is the idea 
that this duality can sometimes be implemented on the level of unitary representa- 
tions. This is quite simple on the Lie algebra level: Let H° be a pre-Hilbert space 
and 7r be a representation of g on T-L° by skew-symmetric operator. We also assume 
that there exists a unitary operator J on ~H° with Jir(x)J = tt(tx) for x 6 g, and 
a g-invariant subspace K, which is J -'positive in the sense that the hermitian form 
hj(v,w) :— (Ji>,u>) is positive semidefinite on K? . Then complex linear extension 
leads to a representation of g c on K, by operators which are skew-symmetric with 
respect to hj, so that we obtain a "unitary" representation of g c on the pre-Hilbert 
space KPj := JCj/{v: fC° : hj(v,v) = 0}. This is the basic idea behind the reflection 
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positivity correspondence between unitary representations of g and q c . What this sim- 
ple picture completely ignores are issues of integr ability and essential selfadjointness 
of operators. There are various natural ways to address these problems. Important 
first steps in this direction have been undertaken by Frohlich, Osterwalder and Seiler 
in |FOS83) . where they introduce the concept of a virtual representation, which was 
developed later by Jorgensen in |Jo861 IJo87j . 

The approach we shall pursue in the present paper is based on open subsemigroups 
of Lie groups. Starting with a unitary representation (ir, %) of a Lie group G and a 
unitary involution J of % with jTt(g)J — tt(t(ci)) for an involutive automorphism r 
of G, we are looking for J-positive closed subspaces K C % that are invariant under 
a subsemigroup S C G which is invariant under the involution s t-> s" :— r(s) -1 . 
This leads to a jj-representation of S by contractions on the Hilbert space ICj, and 
there are powerful tools based on the Luscher-Mack Theorem to derive from such 
representations unitary representations of a Lie group G c with Lie algebra g c (cf. 
|LM75j . |HN931 Sect. 9.5] and jMNll] for a generalization to Banach-Lie groups). 
We therefore focus on the triple (G, r, S) and configurations as above. In any case, 
one obtains unitary representations n c of G c for which the operators —idTr c (x) for 
x S iq and exp(R + ia;) C S have positive spectrum. This condition imposes serious 
restrictions on the representations of G c that one can obtain in this context. 

One of the basic requirements of quantum theory is that physical states form 
a Hilbert space TL with a unitary positive energy representation tt of the Poincare 
group, i.e., the spectral measure of the translation group is supported by the fu- 
ture light cone. Here the involution r corresponds to time reversal t <— > — t which 
implements the duality between the Lie algebras of £ n and V n . Therefore one is 
lead to subsemigroups S C £ n containing the ray {(:ro,0): xq > 0} which under c- 
duality corresponds to time translations. A natural enlargement is the semigroup 
S = O n -i(R) ix {(t, x) t > 0, x E R™ -1 }, but here the semigroup approach is prob- 
lematic because there is no proper semigroup with interior points in £ n . This makes 
the passage from unitary representations of £ n to unitary representation of V n a harder 
problem (see |FOS83j . |KL82j ). For further reference on the physical side of reflection 
positivity we would like to point out the work of A. Klein, |K1771 IK178) . A. Klein 
and L. Landau [KL81 , as well as the more resent work by A. Jaffe and G. Ritter 
[JR08J IJR07j . An excellent introduction can be found in the overview article [JA08J , 
in particular Section VII. The approach to reflection positivity in terms of c-duality of 
Lie algebras and contractive representations of semigroups was already taken up in the 
work by R. Schrader in |Sch86j , where he used reflection positivity to construct from a 
complementary series representation of SL2 n (C) a unitary representation of the c-dual 
group SU„ in (C) x SU n! „(C) but without identifying the resulting representation. This 
approach was developed more systematically in |JQ98[ IJOOOj where duality between 
semisimple causal symmetric spaces, the theory of compression semigroups and the 
Luscher-Mack Theorem were used to construct from a generalized complementary se- 
ries representation related to an ordered symmetric space G/H an irreducible unitary 
highest weight (^positive energy) representation of the dual group G c . The construc- 
tion was carried out for the case where G is locally isomorphic to the autormorphism 
group of a tube domain Tq := R fe + ifl, where f2 C M fc is a symmetric cone and 
H = G T = {g G G | h(fl) = f2} it the subgroup preserving the totally real submanifold 
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£1 of Tq. In this case q c = g, so that one obtains a correspondence between unitary 
representations of the same group. 

We have already mentioned that there are spectral restrictions on the representa- 
tions of G c that can result from reflection positivity and this also restricts the class of 
groups for which this process can possibly apply. For semisimple Lie groups an inspec- 
tion of parameters of those representations, in particular the infinitesimal character, 
indicates that the representations of G to start with should be generalized comple- 
mentary series representations. This partly explains why we as well as |Sch86| and 
[J098, JO00 start with this class of representations. 

The aim of this article is twofold. First we discuss reflection positivity in an abstract 
setting using reflection positive distributions on the Lie group G T = G XI {1,t} and 
reflection positive distribution vectors of a unitary representation of G T . Then we 
apply these ideas to the conformal group 0^„ +1 (R) of the sphere S n as well as the the 
half-space picture mostly used in physics. 

This article is organized as follows. In Section[T]we introduce some general concepts 
from representation theory and Lie groups G with an involutive automorphism t. Our 
basic objects are triples (G,r,S), where S C G is a (mostly open) subsemigroup 
invariant under the involution s* = r(s) —1 . To develop a systematic approach to 
reflection positivity for unitary representations, we introduce a concept of operator- 
valued positive definite functions on G which are reflection positive and explain how 
they correspond to reflection positive representations (tt, Ti) that are generated in a 
very controlled fashion by a subspace T consisting of vectors fixed by J := 7t(t). In 
many interesting situations (see Section [6]) it turns out that the generating vectors 
cannot be found in the Hilbert space itself but have to be replaced by distribution 
vectors in the larger space H~°°. This leads us in Section[2]to the notion of a reflection 
positive distribution. On the representation side, they correspond to reflection positive 
distribution cyclic representations, which are triples (tt, a), where (tt, H) is a unitary 
representation of G T and a e H~°° is a J- fixed cyclic distribution vector for which 
the space generated by 7r~°° (T>(S))a is J-positive. In Proposition 12.121 we show that 
distribution cyclic representations are in one-to-one correspondence with reflection 
positive distributions on G. 

The next two sections are devoted to classifying reflection positive functions in 
the finite dimensional abelian case. For the triple (R, — id,R + ) we obtain complete 
information on reflection positive functions in terms of an integral representation, in 
which the building blocks are the functions ip(x) = e~ x \ x \, A > 0, for which the 
associated 5-representation on fCj is one-dimensional (Proposition 13. ip . We connect 
this case to [JOOOj and the reflection positivity on the group SL2(R) by considering 
natural abelian subgroups. One should also note that the ax + &-group, i.e., the affine 
group of the real line, is a subgroup of SL2(R), so that [JO00 also gives rise to reflection 
positivity for this group. 

The classification of reflection positive distributions is much more subtle. Here 
one can only hope to get hold of the restrictions to S and, already for the open half 
line S = R+ C R = G the classification of reflection positive extensions of positive 
definite distributions on S to G seems to be a hopeless task. On the other hand, the 
restriction to S carries all information required for the representation of G c , so that 
one is rather interested in "natural" extensions of distributions from S to G and not 
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in all of them. This motivates the main result of Section 2] which is a generalization of 
the Bochner-Schwartz Theorem fTheorem l4.11l) . For the case where G = V is a vector 
space and S — 51 is an open convex cone invariant under s* = — t(s), it provides an 
integral representation of positive definite distributions on S that leads to contraction 
representations of S. This is precisely the class of distributions showing up for the 
representations on the spaces /Cj. 

In the last two sections we discuss reflection positivity for the complementary series 
representations of the conformal group of R n , resp., its conformal compactification S™. 
Here we start from canonical kernel functions on R™ and S™ and relate them via the con- 
formal compactification K" t -> S™. This connects the kernel Q(x,y) = (1 — {x,y))~ s / 2 
on S™ to the well known kernel \\x — y\\~ s on R". We show that, for s = and 
max(0,n — 2) < s < n, this leads to a reflection positive cyclic distribution represen- 
tation (n s ,'H s ,a). Here a can be represented by a point measure S x on the equator 
corresponding to the unit sphere S n_1 in R™, the involution r corresponds to the reflec- 
tion in this sphere and S is the compression semigroup of the unit ball. A Cayley 
transform translates this into the time reflection (xq, ■ ■ ■ , x n ) h-> (— xq, x\, . . . , x n ) and 
transforms the open unit ball into the open half space and the semigroup into the 
conformal compression semigroup of the half space. 

It is worth pointing out that we have a tower of groups 



°i,n+i < — > °2 : n 
U U 




where the horizontal arrows stand for c-duality and the vertical 1J stands for inclusions. 
Hence the reflection positivity on the top line results in reflection positivity on each of 
the other levels. Reflection positivity at the top level is quite rare as our restriction of 
the parameter, s — and n — 2 < s < n, shows. In particular, our construction does 
not allow for reflection positivity on the direct limit group O^^. On the other hand, 
reflection positivity on the bottom line is quite common. Much less is known about 
the physically interesting part in the middle. 

We would also like to point out that neither we nor the previous articles [J098, 
JO00 discuss the interesting case of vector-valued complementary series representa- 
tions. Our results on vector-valued kernels should provide some of the techniques to 
treat this case. 
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Notation 

We write R+ :=]0, oo[ for the positive open half line. Elements of R n , n G N, are 
written x = (xq, x±, . . . , x n -i), and R" := {x G R" : xq > 0} is the open half space. 
The euclidean inner product on R" is denoted (x, y) = x jVji an d 

[x,y] := xqUq - xiyi x„_i?/„_i (1) 

is the canonical Lorentzian form on R", turning it into the n-dimensional Minkowski 
space. 

For a function ip: G — > C on a Lie group G, we use the notation 
V{g) ■= Pig' 1 ) and ip*(g) := ipig-^Aaig)- 1 , 
where Aq is the modular function of G, defined by 

Ac(y) / f(xy)dfi G (x) = f f(x)dfi G (x) for / G C c (G),y G G. (2) 

If t is an involutive automorphism of G, then we also put 

g* := t((7) _1 and ip* := ip* o t . 



5 



For the Fourier transform of a measure /x on the dual V* of a finite-dimensional 
real vector space V, we write 



fl{x) : 



e 



v* 



The Fourier transform of an L 1 



-function f on K™ is defined by 



/(0 := (2n)- n/2 I f{x)e-^dx 



For an involution r on R™, we write elements of the dual space as (a+,a_) with 
a± o t — ±a± and define the corresponding Fourier-Laplace transform of a measure 
fi on E™ by 



For r = id this is the Fourier transform .F(fi) = J2, and for r = — id, this is the Laplace 
transform C([i). 

If M is a smooth manifold and T>(M) — C^°(M,C) is the space of smooth com- 
pactly supported functions on M, endowed with its natural LF topology f |Tr67j ). then 
we write T>'(M) for the space of continuous antilinear functionals on X>(M); the dis- 
tributions on M . We endow this space with the strong dual topology, i.e., the topology 
of uniform convergence on bounded subsets of T>(M). 

1 An abstract approach to reflection positivity 

In this section we introduce a general concept of a reflection positive representation 
for a triple (G, r, S) consisting of a group G, an involution r on G and a subsemigroup 
S C G. To study reflection positive representations, it is crucial to control the way 
they are generated by simpler data. This leads to the concept of a reflection positive 
functions. 

1.1 Reflection positive representations 

A symmetric group is a pair (G,t), consisting of a group G and an involutive auto- 
morphism r of G, which is also allowed to be trivial, i.e., r = idc- Let (G,r) be a 
symmetric group and S C G be a subsemigroup which is invariant under the involution 
g H> g$ := r(g)^ 1 . Then (S, jj) is an involutive semigroup, i.e., 



In the following we will write G T := G xi {1, r}. 

Example 1.1. (a) Let (G,t) be a symmetric finite-dimensional Lie group, H C G T 
an open subgroup and g = f) © q the decomposition of g into L(r)-eigenspaces, 




(s J ) B = s and (stf = i J s J for s,i6S. 



f) = T = kcr(L(r) - 1), q = q~ t = ker(L(r) + 1). 



G 



If S C G is a subsemigroup of the form S = i/exp(G), where G C q is an Ad(H)- 
invariant convex cone (cf. H096 ), then the invariance of S under ft follows from 
(ftexpa;)" = expxh^ 1 — h^ 1 exp(Ad(h)x) for h E H, x E q. 

(b) If G is an abelian group and r(g) = g^ 1 , then every subsemigroup of G is 
invariant under the involution j) = id. 

Below we shall also encounter hnite-dimensional vector spaces V with an involution 
r and open convex cones Q C V invariant under fl. 

Definition 1.2. A unitary representation (7r,%) of G is said to be reflection positive 
with respect to the triple (G, r, S 1 ) if it extends to a unitary representation of G T and 
there exists an S- invariant closed subspace /C C % such that, for the unitary involution 
J := 7t(t) on T~L, it is J -positive, i.e., 

{Jv,v)>0 for all ue£ 

We then write hj(v, w) :— {Jv, w) for the hermitian form defined by J, K,j denotes 
the completion of the quotient of K, by the radical of hj, and [v] G JCj for the image 
of v S /C in /Cj. 

Example 1.3. (a) Let (G, r, 5) be as above and X a set on which G T acts. We assume 
that K : X x X — >Cisa positive definite kernel for which G acts unitarily on the 
corresponding reproducing kernel space T-Lk Q C x by 

(7r(g)f)(x) = J g (x)f(g- 1 .x) 

and that J T = 1 (cf. Definition 11.51 below - ) . For the functions K x (y) := K(x,y) in 
we then have 

ttO)-^ = Jg-i {x)K g . x for g E G,x E X (3) 

(cf. [NeOOl Lemma II.4.1]). 

Suppose that D C X is an S'-invariant subset with the property that the kernel 
K T (x, y) := K(x, ry) is positive definite on V. Then we consider the closed subspace 

/C := SY>an{K x : x E V} 

and observe that JC is invariant under S by ([3]). From the relation 

(ir(T)K y ,K x ) - (K T . y ,K x ) = K(x,r.y) = K T (x,y) 

it now follows that /C is a positive subspace for the involution J := 7r(r). 

(b) In some cases the semigroup 5 can be obtained from V. Suppose that X is 
a topological space, that G T acts continuously and that D C X is open with t(V) = 
(X \ V)°. Then the semigroup 

S v := {g 6 G: g.V C P} 

is invariant under |J. In fact, gV C P implies that T{g)r.T> C r.2? and hence g\r.T>) 3 
r.P. But as V = (X \ t.V)°, this leads to gKV C P. 
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Lemma 1.4. If {n,'H) is a reflection positive representation of G T , then 
7r j(s)b] := [ 7r ( s ) u ] defines a representation (irj,)Cj) of the involutive semigroup (S, jj) 
by contractions. 

Proof, (cf. [JOOOj ) For s £ S and v, w £ JC we have 

hj(n(s)v,w) — (Jir(s)v,w) = {v,tt(s~ 1 )Jw) — (v, Jir(s^)w) = hj(v,n(s^)w), 

so that the representation of 5* on JC is involutive with respect to the hermitian form 
hj. Further, 

hj(n(s)v, tt(s)v) = (J-k(s)v,tt(s)v) < \\v\\ 

holds for every s £ S, so that jNeOOl Lemma II. 3. 8] implies that the action of S on JC 
induces a contraction representation (ttj,Kj) of (5,0) on the Hilbert space JCj. □ 

A serious problem of the concept of a reflection positive representation is that it 
does not behave well under direct product decompositions in the sense that if a re- 
flection positive representation w decomposes as tt\ © ~ki , then m and ~ki need not be 
reflection positive because there may be no subspace /C which is adapted to this decom- 
position. However, every non-zero element v £ K, generates a cyclic reflection positive 
representation, and since it is natural to study only reflection positive representations 
generated by /C, we first focus on on reflection positive representations generated in 
a rather controlled fashion by a subspace T C JC (cf. Definition II .8[) . First we recall 
some facts and basic concepts on positive definite kernels and functions. 

1.2 Operator- valued positive definite functions 

Definition 1.5. Let X be a set and J 7 be a complex Hilbert space. 

(a) A function K: X x X — > B{F) is called a B(J r )-valued kernel. It is said to be 
hermitian if K(z, w)* — K(w, z) holds for all z, w € X. 

(b) A B (J- ) -valued kernel if on A is said to be positive definite if for every finite 
sequence (xx,v%), . . . , (x n , v n ) in X x T we have 

71 

(K(xj,Xk)v k ,Vj) > 0. 

3,k=l 

(c) If (S, *) is an involutive semigroup, then a function <p: S — > i?(J r ) is called 
positive definite if the kernel K v (s,t) :— ip(st*) is positive definite. 

Positive definite kernels can be characterized as those for which there exists a 
Hilbert space H and a function 7: X B(H,J-) such that 

K{x,y) = 70b(2/)* for x,y£X (4) 

(cf. [Ne00[ Thm. 1.1.4]). Here one may assume that the vectors j(x)*v, x £ X, v £ J 7 , 
span a dense subspace of %. If this is the case, then the pair (7, %) is called a realization 
of K. The map J- x , $(u)(x) := j(x)v, then realizes H as a Hilbert subspace 

of T x with continuous point evaluations ev^ : H — > J-, f i-> /(^)- Then <&{H) is 
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the unique Hilbert space in F x with this property for which K(x, y) = ev x ev* for 
x, y G X. We write T~Lk Q J~ x for this subspace and call it the reproducing kernel 
Hilbert space with kernel K. 

Example 1.6. (cf. [NeOOl Sect. 3.1]) Let (ir,H) be a representation of the involutive 
semigroup (S, *), T C H be a closed subspace for which n(S)J r is total in H and 
P: H T denote the orthogonal projection. Then ip(s) := Pn(s)P* is a B{F)- 
valued positive definite function on S with <p(l) = 1 because j(s) := Pn(s) G B{'H,J : ) 
satisfies 

7 (s) 7 (t)* = Pir(st*)P* = <p(st*). 

The map 

$:H^J" S , $(v)(s) = j(s)v = Pir(s)v 

is an S*-equivariant realization of H as the reproducing kernel space 1-L V C J 75 , on 
which 5 acts by right translation, i.e., (n<p(s)f)(t) = f(ts). 

Conversely, let S be an involutive semigroup with neutral element 1 and (p: S — > 
B(F) be a positive definite function with <p(l) — 1. Write H v C J 75 for the cor- 
responding reproducing kernel space and for the dense subspace spanned by 
ev* v, s G S, v G J 7 . Then (^(s)f)(t) :— f(ts) defines a ^-representation of S 
on nL. We call is exponentially bounded if all operators 7r v (s) are bounded, so 
that we actually obtain a representation of S by bounded operators on H^. As 
= evi ev\ = idjr, the map ev£ : J 7 — > % is an isometric inclusion, so that we 
may identify T with a subspace of %. Then evi : % — > J- corresponds to the orthogo- 
nal projection onto J 7 and evi 071^ (s) = ev s leads to 

tp(s) = ev s evi = ev i ">( s ) ev i = P^ip{s)P. (5) 

If S = G is a group with s* = s _1 , then </? is always exponentially bounded and 
the representation (71"^,%^) is unitary. 

1.3 Reflection positive functions 

After these preparations, we now turn to a suitable concept of positive definite func- 
tions compatible with reflection positivity. 

Definition 1.7. Let (G, r) be a symmetric group, S C G a subsemigroup invariant 
under s" := t(s) _1 and J 7 be a Hilbert space. We call a function 99 : G — >■ ^(J 7 ) 
reflection positive (with respect to £>) if the following conditions are satisfied: 

(RP1) ip is positive definite, 

(RP2) <p or = <p, and 

(RP3) ip\s is positive definite as a function on the involutive semigroup (S, ft). 

Definition 1.8. A triple (tt, T~L, J 7 ), where (7r, T-L) is a unitary representation of G T and 
J 7 C 7i is a G-cyclic subspace fixed pointwise by J := 7r(r) is said to be a a reflection 
positive J- -cyclic representation if the closed subspace /C := span7r(S')J 7 is J-positive. 

If, in addition, J- = Cv a is one-dimensional, then we call the triple (tt,'H,v ) a 
reflection positive cyclic representation. 
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Remark 1.9. Suppose that G is a topological group and S C G is such that 1 £ S. 
Let (ir, H) be a continuous unitary representation of G T , T C H be a closed J- invariant 
subspace and /C := span Tr(S)J'. Then Tr(S)J' C /C implies that J 7 C JC. As J 7 is J- 
invariant, each element dgJ can be written as v = v + +v _ with Jv = v + —v-. If /C is 
J-positive, then J 7 is also J-positive and we obtain Jv = v for each d£ J. Therefore, 
in this context, the assumption that J fixes every element of T is equivalent to the 
J-invariance of T . 

Proposition 1.10. Let (G, t) be a symmetric group and S C G be a ^-invariant 
subsemigroup. 

(i) 7/(71",%, J 7 ) is on F-cyclic reflection positive representation of G T and P: H —> J 7 

i/ie orthogonal projection, then <p(g) := Pir(g)P* is a reflection positive function 
on G with <p(l) — lp. 

(ii) Let </?: G — > J^J 7 ) is a reflection positive function on G with tp(l) = o>nd 

H v C J 70 6e the Hilbert subspace with reproducing kernel K(x, y) := </?(a;t/ _1 ) on 
which G acts by (n v (g)f)(x) := f(xg) and t by (rf)(x) := f(r(x)). We identify 
T with the subspace ev£ J 7 C T/ien (tt ¥ ,,'H v , J 7 ) is an T-cyclic reflection 

positive representation and we have an S-equivariant unitary map 

T:lCj^H vls , T([f]) = f\ s . 

Proof, (i) Clearly, is positive definite with <p(l) = 1. That 9? is r-invariant follows 
from J|jr = idjr, which leads to JP* = P* and thus to P = PJ: 

ip(rgr) = PJir(g)JP* = Pir{g)P = <p{g). 

For s € S we have 

(fist*) = PTr(s)Jir(t~ 1 )JP* = Ptt(s)J ■ jTr(t)*P*, 

so that 

(fist*) = 7(s) 7 (t)* for 7 (s) = Ptt(s)J. 

Therefore tp is positive definite. 

(ii) For the evaluation maps ev^ : — > J 7 , / i->- /(a;) we have ev^ ir(g) — ev xg . 
Therefore n(g)J r = n(g) cv£ T = cv*_ 1 T shows that T is G-cyclic in H v . 

For v £ J 7 , the corresponding clement / e % v is the function f(g) — ev g ev\ v = 
<p{g)v. Then 

{ J Did) = f(r(g)) = ev T(ff) ev^ v = ip(r{g))v = tp(g)v = f(g) 

shows that J\jr = idjr. 

To see that JC := span 71(5) J 7 is J-positive, we note that, for v, w £ F and s,t £ S, 
we have 

(Jtt(s) evj v, n(t) ev£ w) = (Tr(t)* Jn(s) ev£ v, ev\ w) = {n(t^s) ev£ v, J ev£ w) 
= (ev*- M t) w > ev i w) = (evi ev;_i T(t) v,«;) = {<p{t*s)v,w). 
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As <p\s is positive definite on (S, jj), it follows that /C is J-positive. 

Since J\jr = idjr, the hermitian form hj restricts on T to the original scalar 
product, so that we obtain an isometric inclusion t: J- —> fCj. As ttj(S)l(J-) = 
[tt(S)J-], the subspace is .S-cyclic in /C,/, and for sGS and v,w S T we have 

(l*-kj(s)l(v),w) = (ttj(s)l(v),l(w)) = (Jir(s)v,w) = (tt(s)v,w), 

so that 

l*itj(s)l = evi 7r(s) evj = ev s ev^ = <p(s). 
This proves that the map 

T:Kj^T s , := l*ttj(s)v 

defines an S'-equivariant isomorphism ICj — > T~L V \ S - 
For n£ J and s£S we further have 

r([7r(s)u])(t) = L*irj(t)[ir(s)v] = L*[w(ts)v] = eviir(ts)v = evtir(s)v, 

which implies that 

r([/])(i) = /(t) for feK,teS. 

Hence the natural map "H^ 3 /C — >■ T-i v \ s is simply given by restriction to S. □ 

Corollary 1.11. Let (G,r) be a symmetric group and S C G be a ^-invariant sub- 
semigroup. 

(i) If (tt, "H, v) is a cyclic reflection positive representation of G T , then ir v (g) '■= 

(Tr(g)v, v) is a reflection positive function on G. 

(ii) If if is a reflection positive function on G, then (tt^, TL v , if) is a cyclic reflection 

positive representation. 

2 Reflection positive distributions 

As we shall see below, in some cases we have to pass from reflection positive functions 
to the more general class of reflection positive distributions. This applies in particular 
to representations that are most naturally realized in spaces of distributions on a ho- 
mogeneous space G/H . For non-compact subgroups H, we are thus forced to consider 
unitary representations with ii-invariant distribution vectors. Accordingly, we have 
to study reflection positive distributions in addition to reflection positive functions. 

2.1 Positive definite distributions 

In the following we write T>(M) = C^°(M,C) for the space of compactly supported 
smooth functions of a manifold M and endow this space with the usual LF topology, 
i.e., the locally convex direct limit of the Frechet spaces T>x(M) of test functions 
supported in the compact subset X C M (cf. |Tr67j ). Its antidual, i.e., the space of 
continuous antilinear functionals on T>(M) is the space T>' [M) of distributions on M. 
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Definition 2.1. (a) If G is a Lie group, then T>(G) is an involutive algebra with respect 
to the convolution product and <p*(g) := Lp{g~ 1 )/S. G {g^ 1 ), where A G is the modular 
function from ^ Accordingly, we call a distribution D G V(G) positive definite, if it 
is a positive functional on this algebra, i.e., 

D(<p* *cp)>0 for tp € V(G). (6) 

(b) If t is an involution on G and S C G an open subsemigroup invariant under 
s i — ^ s" := r(s) _1 , then V(S) is a *-algebra with respect to the convolution product 
and the *-operation := ip* o r. Accordingly, we call a distribution £> G V(S) 
positive definite if 

D^ 1 * *<£)>() for ipeV(S). (7) 

Remark 2.2. If Dh((p) = J G (p(g)h(g) d[i G (g) holds for a locally integrable function 
h on G, then 

D h ((p**ip)= / (p(x~ 1 )A G (x)~ 1 (p(x- 1 y)h(y)diJ,G(y) 
(p(x)(p{xy)h{y) dfi G (x) d^ G {y) 
ip{x)tp(y)h(x~ 1 y) d{i G (x) d^, G {y). 

If ft, is continuous and positive definite, this formula implies that Dh is a positive 
definite distribution. In this case one can easily see the converse, i.e., that h is positive 
definite if Dh has this property. 

Definition 2.3. (Distribution vectors) Let (ir,TL) be a continuous unitary repre- 
sentation of the Lie group G on the Hilbert space H. We write T-L°° for the lin- 
ear subspace of smooth vectors, i.e., of all elements v G % for which the orbit map 
tt v : G — >• TL, g H> 7r(<7)i; is smooth. Identifying TL°° with the closed subspace of equivari- 
ant maps in the Frechet space C°°(G, TL), we obtain a natural Frechet space structure 
on TL°° for which the G-action on this space is smooth and the inclusion TL°° — > H 
(corresponding to evaluation in 1 G G) is a continuous linear map (cf. |Mag92| , }NelOj ). 

We write TL~°° for the space of continuous antilinear functionals on H.°° , the 
space of distribution vectors, and note that we have a natural linear embedding TL ^ 
TL~°° , v (— s> (v, •). Accordingly, we also write {a, v) — (v, a) for a(v) for a G TL~ co and 
v G TL°° . The group G acts naturally on TL -00 by 

(ir-°°(g)a)(v) := a^g^v), 

so that we obtain a G-equivariant chain of inclusions 

tl°° C H C (8) 

(cf. |vD091 Sect. 8.2]). It is 2?(G)-equivariant, if we define the representation of V{G) 
on ft" 00 by 

(7i" _oc (^)«)(«) := / ^^"(^(S 1 ) -1 ^)^^) = a(7r(<^*)w). 
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Remark 2.4. An important point is that, for any <p £ T)(G) and a £ H~°°, we have 
ir~°°(Lp)a £ H 00 in the sense of ©. To see this, we first note that n(ip) defines a 
continuous linear map H — > H°°, so that its adjoint maps T-L~°° into T-L and then apply 
the Dixmier-Malliavin Theorem [DM781 Thm. 3.1] asserting that 

V(G)=V(G)*V(G). 

Further, the map 

is continuous because it is continuous on each Frechet space T>x(G), X C G compact, 
on which it follows from the Closed Graph Theorem and the continuity of the orbit 
maps V{G) -> H. Therefore 

:={a,*-°°{<p)a) (9) 
defines a distribution on G. That this distribution is positive definite follows from 

7r Q (^* *ip) = (a,7r-°°(>* * ip)a) = (n-° (<p)a,ir-° (ip)a) > 0. (10) 

Definition 2.5. We say that a £ H~°° is cyclic if ir~°° (D(G))a is a dense subspace 
of U. 

Theorem 2.6. ([vDOEi] Thm. 8.2.1]) Let (ir,T-l) be a continuous unitary representation 
of the Lie group G. 

(i) For each distribution vector a £ Ji^ 00 , there exists a G-equivariant continuous 

linear map 

r/ a : T~L y V\G), r, a {v){ip) := (v, Tr" 00 ^) = a). 

which is injective if and only if a is cyclic. This establishes a one-to-one corre- 
spondence between distribution vectors and G-equivariant continuous linear maps 
U^V'{G). 

(ii) The assignment 

a^-nl, Va(<P) ■= ^°°(ip)a 

establishes a one-to-one correspondence between distribution vectors and G-equi- 
variant continuous linear maps T>(G) — > %. 

(iii) The map r\ a extends to 

?j a : ->Z>'(G), Tj a tf){<p) := (f3, n-°°(<p)a). 

We will now discuss how every positive definite distribution D £ T>'(G) leads to a 
unitary representation (tt,T-L) with cyclic distribution vector a £ H~°° which defines 
an embedding T~L =— > V{G). First we recall some functional analytic facts from |Tr67j . 
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Remark 2.7. LF spaces are barreled, i.e., all closed absolutely convex absorbing 
subsets (the barrels) are O-neighborhoods. This applies in particular to V(M) for any 
er-compact manifold M f fTrBTI p. 347]). It follows from [Tr67l Prop. 34.4] that V(M) 
is a Montel space, which means that it is barreled and every bounded closed subset of 
T>(M) is compact. This implies that T>{M) is reflexive f |Tr671 p. 376]) and that every 
weakly (= weak-*) convergent sequence in T>'(M) converges f [Tr671 p. 358]). 

Proposition 2.8. Let D 6 T>'{G) be a positive definite distribution on the Lie group 
G and %d Q T>{G)* the corresponding reproducing kernel Hilbert space with kernel 
K(ip, ip) :— D(tp* * ip) obtained by completing T>(G) * D with respect to the scalar 
product (ip * D,ip * D) = D((p* * ip). Then the following assertions hold: 

(i) T-Ld Q T)'{G) and the inclusion jd- TLjj — > T>'{G) is continuous. 

(ii) We have a unitary representation (ttdt'Hd) of G by Trrj(g)E — g*E, where 

(g*E)(ip) := E(ip o \ g ) and the integrated representation of T>(G) on T-Ld is 
given by Trr)(f)E — ip * E. 

(hi) There exists a unique distribution vector cxd £ Hd°° with ctD{<p * D) = D(ip) and 
7r-°°(^)a £) = tp*Dfor(p£ V(G). It satisfies n aD = D. 

(iv) 7£j extends to a T>(G)-equivariant injection TLf) 00 T>'{G) mapping old to D. 

Proof, (i) The relation K(ip, ip) = K(ip,ip) implies D(ip*) = D(ip) for ip e V{G). The 
functional ip*D, ip G 13(G), span a pre-Hilbert space C V(G) with inner product 
(ip * D,(p * D) — K((p, ip) on which we have a ^-representation of T>(G), given by 

TTr)(<p>)E := ip * E. 

We claim that the corresponding inclusion map ■ T~L° D T>'(G) is continuous with 
respect to the pre-Hilbert structure on T-L° D . Since Hp is metrizable, it suffices to show 
that 7d is sequentially continuous, so that Remark 12.71 further implies that it suffices 
to verify weak continuity, but this follows immediately from 

loty * D)(<p) = (il> * D)(<p) = D(tl>* * <p) (11) 

because the multiplication on V(G) is separately continuously Since V(G) is complete 
(it is the strong dual of an LF space; |Tr671 p. 344]), 713 extends to a continuous linear 
map 7d : Hd — > T>'(G) on the Hilbert space completion of H%. 
(ii) In view of 

(<p*T){il>) = T{(p'*1>)= I ip(gmoX g )dfx G (g), 

JG 

the representation of T>(G) on T-L° D corresponds to the unitary G-representation defined 

by 

(n D (g)T)(iP) :=T(V°A g ), 

lr That the convolution product on T>(G) is jointly continuous for every Lie group G with at most 
finitely many connected components has only been shown recently by Birth and Glockner in |BG11| . 
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which is the dual of the left regular representation of G on T>(G). From the unitarity 
of the G-representation on 7i D it follows that it extends to a unitary representation 
(ttdj'Hd) whose continuity follows from the continuity of the G-orbit maps in T>(G). 

(hi), (iv) Clearly, the inclusion 'yjj is G-equivariant, so that Theorem 12.61 implies 
the existence of a uniquely determined cyclic distribution vector ao G satisfying 

j D (E)(ip) = (E, 7r-°°(^)a D ) = (<p* * E, a D ). 

For E = ip * D, this leads to 

D(ip* * ip) — 7£)(V> * D)(tp) — (ip* * tp * D, an}- 

In view of the Dixmier-Malliavin Theorem ( DM78, Thm. 3.1]), this implies that 

a D (<p * D) = D(^j = D{ V ). (12) 

We also obtain 

(ip * D,ip* D) = D(tp* * ip) = (tp* *tp * D, cxd) = (if) * D, Tr~°°((p)aD), 
which leads to 

■K-°°(ip)a D = ip * D, (13) 

The map /3d '■ D{G) — > T-LdiV ^ <P * D is 2?(G)-equivariant and continuouifl and 
([12")) means that 

a D o(3 D = D. (14) 

Actually (3d dehnes a continuous linear map V(G) — > with dense range whose 
adjoint yields an inclusion 

pD-.n^^v'iG), 

i.e., the inclusion jd : Hd ^ V'(G) even extends to the larger space of distribution 
vectors. Here (|14l) means that (3* d old = D. Finally, (|12p implies 

n a ° (ip) = {a D , 7r-°°(^)a D ) = {a D , <p * D) = D(<p), 

i.e., tt Qd = D. □ 

Example 2.9. If G = V is a real vector group (isomorphic to R"), then the Bochner- 
Schwartz Theorem ( |Schw73| Thm. XVIII, §VIL9]) asserts that a distribution D E 
T>'(V) is positive definite if and only if there exists a tempered positive measure (i on 
V* with D = fi (the Fourier transform), i.e., 

D(<p) = $(a)dn(a) and D(tp* * = (ip, (p) L ^(v,^)- 
Jv 

From this is follows that ip h-> ?/> * -D extends to a unitary map L 2 (V*, /i) Wd- 

Since D = J1 e S'(V) is a tempered distribution, the construction in Proposition ^. 81 
actually leads to a continuous inclusion jd ■ T~Ld S'{V). 

2 It suffices to verify continuity on the Frechet subspaces T>x(G), where X C G is a compact subset. 
On these subspaces, the continuity follows from the Closed Graph Theorem and the continuity of the 
maps ip i— > (Pd (tp), if) * D) = (tp * D,if> * D) = D(ip* * tp). 
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2.2 Reflection positivity for distributions 

After this brief discussion of representations on Hilbert subspaces of £>'(G),wc now 
turn to reflection positive distributions on Lie groups and the corresponding unitary 
representations. 

Definition 2.10. If (G, r) is a symmetric Lie group and S is open and ((-invariant, 
then we call a distribution D £ T>'(G) reflection positive for (G, r, S) if the following 
conditions are satisfied: 

(RP1) D is positive definite, i.e., D(tp* * ip) > for ip £ V{G). 
(RP2) tD = D, i.e., D(ip o r) = D(<p) for <p £ V(G), and 

(RP3) D\s is positive definite as a distribution on the involutive semigroup (S, ft), i.e., 
D(cp* * ip) > for if £ V{S). 

Definition 2.11. A triple (TT,H,a), where (7r,%) is a unitary representation of G T 
and a £ H~°° a cyclic distribution vector fixed under J := tt(t), is said to be 
a a reflection positive distribution cyclic representation if the closed subspace K, := 
span7r _00 (I?(5))a is J-positive. 

Proposition 2.12. For (G,r, S) as above, the following assertions hold: 

(i) If (71", H,a) is a distribution cyclic reflection positive representation of G T , then 

Tr a ((p) '■— a(7r~°°((y9)a) is a reflection positive distribution on G. 

(ii) If D is a reflection positive distribution on G, then {ttd-iHd, D) is a reflection 

positive distribution cyclic representation, where t acts on D' '(G) by (rE)(ip) := 
E(ip o t). 

Proof, (i) We have already seen in (ITU1) that the distribution 7r Q is positive definite. 
That 7r Q is r-invariant follows from the J-invariance of a: 

n a (tp or) = (a,TT~°°(ip o r)a) = (a, 7r(r)7r -00 (tp)TT~°° (r)a) 
= (a,7r-°°( V )a)=7r a (<p). 

For if £ T>(S) we further have 

ir a (ip * ^) = (a, ■K-° {ip)-K-°°{^)a) = (it' 00 {ip*)a, vr-° (( y 3* o r)a) 

= (7r-°°(^*)a, J7r~°°(^*)ja) = h^- 00 ^)^*- 00 ^)^ > 0, 

so that TT a is reflection positive. 

(ii) The r-invariance of D implies the r-invariance of the kernel K, so that (JE)(tp) := 
E((por) defines a unitary operator on Hd (cf. |Ne00| Rem. II.4.5]), and we thus obtain 
a unitary representation Ttjj of G T on %£> with 7Td(t) = J. 

In Proposition 12.81 we already observed that D £ Ti^ 00 is a cyclic distribution 
vector, and its J-invariance follows from the r-invariance of D. Finally, we note that 
any ip £ T>(S) satisfies 

(JK V ,K V ) = (K vor ,K v ) =K(<p,ipo T ) = D(<fP*<p) > 0. 
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Therefore the positive defmiteness of D\x>(s) implies that the closed subspace K, gen- 
erated by the elements K v , ip 6 T>(S), is J-positive. 

The existence of V follows as in Proposition ll.lOf ii) . □ 



Lemma 2.13. For s s] — oo,n[, the function \\x\\ s on R™ is locally integrable, hence 
defines a distribution D s G P'(R n ). It is positive definite if and only if s > 0. 

Proof. Using polar coordinates, one immediately sees that, for r := ||x||, the function 
r~ s is locally integrable if and only if s < n. 

For, < s < n, it follows from [Schw73 ( Ex. VII. 7. 13] that the Fourier transform 
of ?'~ s is given by 



Since < s < n implies — n < s — n < and the T-factors are positive in this range, 
this formula shows that J-(r~ s ) is a positive tempered measure, hence that r _s is 
positive definite. 

For s < 0, the function r -s is continuous and real-valued. If it is positive definite, 
it has a maximal value at x — 0, which is only the case for s — 0. Then r s = 1, which 
obviously is positive definite. □ 



Example 2.14. The preceding lemma and Proposition 12 . 81 imply that we have a map 
13 : V(R n ) -> V(R n ) given by 



(cf. Remark 12.21) . The completion of /3(2?(R™)) is a translation invariant Hilbert sub- 
space %d s Q T>'(W l ) and we even obtain an equivariant embedding W^ 00 C P'(R"). 

To connect this with our discussion of reflection positivity, let r be the "time" 
reflection cr(xo, X\ . . . , x n —±) — (— xq, x±, . . . , x n —±) mapping the open half space R™ = 
{(xo,y): x > 0,?/ G R 11-1 } onto — R", keeping the bounding hyperplane pointwise 
fixed. The open half-space S = R™ is an involutive semigroup with respect to the 
involution (xo,y)^ — (xo,—y). Then D s 6 represents a cyclic distribution 

vector which is fixed under J because ||cr(a:)| = ||x|| for x E R n . We shall see below 
that D s is reflection positive for s — and max(0, n — 2) < s < n (cf. Proposition [O]). 

3 Reflection positivity on the real line 

A particular special case, where it is interesting to study reflection positivity is the 
subsemigroup S =]0, oo[= R + of the real line G = R. Here we consider the involution 
t(x) — —x, so that S is invariant under the involution s* = s. In this case we 
obtain a complete description of the reflection positive functions in terms of an integral 
representation. 
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3.1 Reflection positive operator- valued functions on R 

Wc start with a characterization of continuous reflection positive functions for (R, r, S). 

Proposition 3.1. Let J- be a Hilbert space and ip.: R — > B(J-) be continuous positive 
definite. Then tp is reflection positive if and only if there exists a finite Herm(J 7 )_)_- 
valued Borel measure Q on [0,oo[ such that 

pOO 

<p{x) = / e~ x ^dQ(X). (15) 



Jo 

Proof. Suppose first that ip is reflection positive for (R, — id, R+) and put S := (R+, +). 
Then ipg :— <p\s is positive definite with respect to the trivial involution and corre- 
sponds to a contraction representation of S because \(ip(s)v, v}\ < (ip(l)v, v) holds for 
the positive definite functions x H> ((p(x)v,v), v G J 7 , on R ( |NeOQ[ Cor. 111.1.20(h)]). 
Hence there exists a unique finite Herm(J r )_|_-valued Borel measure Q on [0,oo[ such 
that 

poo 

tp{x) = / e- Xx dQ(X) for x > 



( |Ne98[ Cor. IV.4]). The Dominated Convergence Theorem and the (strong) continuity 
of ip then imply 

p oo 

V>(Q)=Q([0,oo[)= / dQ{\). 

Jo 

Now (jTSJ) follows from the fact that ip(— x) — <p{x)* — <p{x) holds for x > 0. 

For the converse, we assume that ip has an integral representation as in (II 5|) . This 
immediately implies that c^|s is positive definite on S for the involution s* = s and 
that ip is continuous ([Ne9$[ Prop. 11.11]). We have to show that <p is positive definite. 
Since the cone of positive definite functions is closed under pointwise limits, it suffices 
to show that, for A > and A g Herm(J r ) + , the function ip\(x) :— e^ x ^A is positive 
definite on R. For A — this is trivial, and for A > it follows from 

ipx(x) = e - x ^A= [ e^Advxiy), where dfx x (y) = -—^dy (16) 
Jr tt a + y 

is the Cauchy distribution f |Ba781 §47]). □ 

Remark 3.2. (a) For the smaller class of (OS)-positive covariance functions, the 
preceding result can also be found in |K177| Rem. 2.7]. 

(b) The proof above implies in particular that every bounded strongly continuous 
^(J^-valued positive definite function ip: R + — > B(F) extends by <p(x) :— <p(\x\) to a 
positive definite function on R. Clearly, tp is reflection positive. This observation can 
also be found in |SzN70( §1.8.2, p. 30]. If ip is a representation, i.e., a one-parameter 
semigroup of contractions, then the unitary representation 7r^ of R on the reproducing 
kernel Hilbert space is called the minimal unitary dilation of p. 

If p(0) = 1, then we can identify T with a subspace of and p(s) = Pir^(s)P 
holds for s > and the orthogonal projection P : "H^ — > T . 
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(c) One can say more about the structure of the Herm(/C)+-valued measure Q 
representing <p. Using ([5]) to write ip(s) — evi oir v (s) o ev£ and representing ir v by a 
spectral measure P as 

/•OO 

Ms) = / e~ As dP(A), 



we obtain the integral representation of cp with Q(E) := evi oP{E) o ev£ for any Borcl 
set £ C [0,oo [. 

Corollary 3.3. j4 continuous function ip: R — > C is reflection positive if and only if 
it has an integral representation of the form 

/>oo 

<p{x) = / e"^ */(A), (17) 
Jo 

where is is a finite positive Borel measure on [0, oo[. 

Remark 3.4. (a) Since the function <p\(x) = is real- valued, it can also be 

written as 

^(.*)= e -^l = - r C o S (xy) dy 



7T J A 2 + y 2 

(b) Using the isomorphism exp: (R, +) — > (R + , •), we also get a description of the 
reflection positive functions on R + with respect to the involution r(a) = a -1 and the 
subscmigroup 5 =]0, 1[. They are given by 



i- x 

i x for a < 1. 



Example 3.5. We take a closer look at the representation associated to the positive 
definite function <p{x) = e~ x \ x \ on R, where A > 0. 

(a) Let dfi(y) = — ^p^ dy be the Cauchy distribution from (fTo]) . so that ip = jl is 

the Fourier transform of //. Then we may also realize for (f(x) — e A I ^ I as l, 2 (W, //), 
where the unitary isomorphism is given by 

T: L 2 (R,n)^H v , T(f)(x) = (f,n(x)l) = [ f(y)e~ ix y dfx(y) = (///)» 

and t acts on L 2 (R, /i) by r(/)(x) = /(-re) (cf. Example EH))) . 

We consider the closed subspace /C C W v generated by tt v (S)>p and note that 

(J7r v (s)</?,7i>(i)v) = (n(-t-s)<p,<p) =ip(-t-s) =tp(t + s) = e" A(t+s) . 

Hence the corresponding reproducing kernel space on 5 is one-dimensional, generated 
by the character e\ with e\(x) = e~ x ( x \ Moreover, (TT i p,'Hip) is the minimal unitary 
dilation of e\ (cf. Rcmark l3.2f b)). 

(b) A slightly different realization of H v , which makes the scalar product on this 
space more explicit, is to consider it as a completion of the space C C (R, C) of compactly 
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supported continuous function, endowed with the hermitian form 



(f,9) h ^(7r ¥ ,(/)(^,7r ¥ ,( ff )v?) = / / f(x)g(y)(Tr v (x)ip,TT ip (y)ip) dxdy 

Jr Jr 

f(x)g(y)ip{x-y)dxdy= \ \ f(x)g(y)e~ x ^ y ~ x ^ dx dy 



(cf. Remark |2.2[) . In this picture, K. corresponds to the subspace generated by those 
functions / £ C C (R,C), which are supported by [0,oo[. For two such functions /, g, 
we obtain 

(Jf,9}= [ I f(-x)gJy)e-^-^dxdy= [ [ f (xjg^)e-^ +x \ dx dy 



OO rOO 



f{x)g(y)e- x ^dxdy= f(x) e - Xx dx- g(y)e-*v dy 



o Jo 

This formula reflects the fact that the space JCj is one-dimensional and that the natural 
map /C — > K.j can be realized by / H > J„ f(x)e~ Xx dx. 

3.2 Reflection positive distributions on R 

In this subsection we discuss two interesting families of reflection positive distribu- 
tions for the triple (K, — id, R+). These distributions occur naturally by restriction 
of the complementary series representations of SL2 (R) (which is locally isomorphic to 
Oi,2(R)o) to the subgroups N and A in the Iwasawa decomposition (cf. [JOOOj ). These 
representations are discussed in a more general context in Sections [5] and |6] below. 

Example 3.6. (a) For < s < 1 the locally integrable function \x\~ s on R defines a 
positive definite measure, resp., distribution (Lemma l2.13j) . The corresponding Hilbert 
space is the completion of C C (R) with respect to the scalar product 



(/,<?>:= J^JJ(x)g(y)\x-y\- s dxdy (18) 

(cf. Proposition |2~%|). 

The distribution \x\~ s restricts to the function x~ s on R + which is positive definite 
with respect to the trivial involution because, for any a > 0, 

' Ciy"- 1 dy)(x) =x~ a for x > 0. (19) 



T(a) 

We conclude that the distribution |ir|~ s is reflection positive for the triple (R, — idu, R+). 

(b) On the Hilbert space T~L S we also have a unitary representation of the multi- 
plicative group A := R, given by 

(n(a)f)(x) := la^f^x) 

and an involution 

(Jf)(x) := Ixr'fix- 1 ) 
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satisfying Jn(a)J = 7r(a _1 ), so that we obtain for r(a) := a^ 1 a representation of A T 
on % s . 

Let JC C % s be the closed subspace generated by functions supported in ] — 1, 1 [ and 
note that it is invariant under the action of the subsemigroup S := {a 6 A: \a\ < 1}. 
For / e C c (] - 1, 1[, C), we have 

(Jf,f)= [ I \x\ s - 2 f{x- 1 )m\x-y\- s dxdy 
Jr Jr 



= J 1 y /(^/(y)^!" 5 ^- 1 - y|- s dx dy 
= 1 1 / i ~ :ry) " S dx dy ~ ° 



because the kernel (1 — xy)~ s = YlnLo (™ _ n +S )( x y)™ on 1 — 1> M ^ s positive definite, 
which follows from the non-negativity of the binomial coefficients. Therefore the uni- 
tary representation (ir,'H s ) of A is reflection positive. 

We now describe a cyclic distribution vector and the corresponding distribution on 
A. For the integrated representation we find 

{n(<p)f)(x)= [ ^Hf-Vta-M^/ v(a)\a\i- 2 f(a- 1 x)da. 
JR X \ a \ Jrx 

We now consider the antilincar functional a on C C (R X ) C W s , given by 

a(f) := / J{x)\x-1\- S dx, (20) 

JR* 

which is formally the scalar product {Si, /) with the 5- function in 1. We then have 

a(n(<p*)f)= I I via-^a^Jia^^lx-irdx 
Jrx J a \ a \ 

= [ ^(a- 1 )!^/ 2 - 1 f J(^x)\x-1\- 
J a Jrx 

= f V (a- l )\a\^ f J{x)\ax-l\- s dx^: 
J a Jrx \ a \ 

ip{a)\a\- s ' 2 ( J^^x^l^'dxpr 



, , da 
•dx— 
\a\ 



[ V{a)\a\ s ' 2 I 
J a Jr 



f{x) \x — a\ s dxj^r 



a\ 

(p{a)\a\ s/2 ^ 1 f(x) \x - a\~ s dx da. 

Therefore a o ir((p*) can be identified with the element of H s given by 

(a o n(<p*))(x) — ip(x)\x\^~ 1 . 
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Since the map 

V(A)->H S , <y5 i-> (x i-> (^(x)^!*" 1 ) 

is continuous, a defines a distribution vector in Hj 00 with 7r _ °°(( / 9)a = a o 7r(<^*) for 
every ip S I? (A) (cf. Proposition 12. 8[) . Since C C (R X ) is dense in T-L s , this distribution 
vector is cyclic for the representation of A on T-L s . From (|2"0]) . we further derive that 
J a = a: 

(a,J/)= / | 2 ;| s - 2 7(^T)| a ;-ir s dx= / \ x \>-rj$F^\ x - \\-> *L 

Jr Jr fI 

= f \ X \^JW\ X -l - l\s = fj{x)\l-x\- S dx = ( a J}. 

Jr Fl Jm 

The corresponding distribution on A is given by 

7r Q (^) = (a,n-°°(<p)a) = [ W)^' 1 ^ - l\- s dx = [ tfx)\x\i \x - l\~ s % 

Jr Jr Fl 

hence represented by the locally integrable function 

j(x) := \x\% \x - \\~ s on ,4 = M X , 

which is r-invariant. On the open subsemigroup S — {a € A: \a\ < 1}, we have the 
expansion 

oo 

\X\*/ 2 (1-X)-* = J2 
n=Q 

Accordingly, the corresponding representation of S on Kj decomposes as a direct sum 
of one-dimensional representations corresponding to the characters \x\ s / 2 X n , n £ No- 
Since H s is a space defined by the positive definite distribution D — \x\~ s on K, 
it also has a natural realization $: H s — > V(M.) as a space Hd of distributions. This 
map is given by 

$(/)(¥>)=/ <Axjf(y)\x-y\~ s d x dy 
Jr Jr 

(cf. Example 1 3 . 6 f a) ) . In particular, the distribution $(/) is represented by a continuous 
function In this sense, we have 

*(7r(o)/)(a!) = lal*/ 2 - 1 / f(a- 1 y)\x-y\- s dy = \a\ s / 2 [ f(y)\x~ay\- s dy 
Jm Jr 

= W\- S/2 I f(y)\--y\- s dy^\ar^T(f)( X /a), 
Jr a 

so that the corresponding representation of A on <&(C C (G)) is given by 

(n(a)T(f))( X ) := |a|-/ 2 r(/)(x/a). 
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3.3 Extending distributions 

In this subsection we briefly discuss the existence of reflection positive extensions of 
positive definite distributions on the open subsemigroup S — (R + , +) of R to the whole 
real line. 

For each real a > —1, we obtain a measure /i a :— x a dx on [0,oo[ whose Laplace 
transform exists and satisfies = Cq,x _1_q . This shows that the functions x~ s , 

s > 0, on S are positive definite (cf. (TK)1) in Example 13.61) . 

We write r~ s = |x|~ s for their symmetric extensions to R x . For s < 1, ?'~ s is 
locally integrable, so that it defines a distribution on R, and by Lemma I2.13[ this 
distribution is positive definite. 

For s > 1, the situation is more complicated. According to |Schw731 Thm. VIII, 
SjVII.4], the measure \x\~ s dx on R x extends to a distribution on R. To describe such 
extensions more explicitly, one applies the "finite part" technique to the restrictions 
to ]0,oo[ and ] - oo,0[ (see [Schw731 (II.2;26)] for the functions r m on ]0,oo[). One 
shows that, for ip £ D(R), the function I(ip, e) :— f\ x \ >e <^(a;) | a; | s dx has an asymptotic 
expansion for e > of the form 

k,e 

and, for s < -1, one defines Pf(r- S ) £ X»'(R) by 

Pf(r- S )M :=a 00 (<p). 

If s £ —1 — 2No, then the Fourier transform of Pf(r _s ) is a multiple of Pf(r s_1 ), 
and for Pf (r~ 1 ~ 2 ' 1 ), h £ No, it is a sum of a multiples of r 2h and r 2 ' l logr ([Schw73, 
(VII.7;13)]). We conclude that, for each s > 1, there exists a polynomial P for which 
J r (Pi(r- s ))(x) + P(4ir 2 x 2 ) > 0. Therefore Pf (r~ s ) + P(—£r)S is a reflection positive 
extension of r~ s . 

4 A Bochner— Schwartz Theorem for involutive cones 

In this section we study the convolution algebra T>(S) = C^°(S,C) of complex- valued 
test functions on an open subsemigroup S of a symmetric Lie group (G, r). We assume 
that 1 £ S and that S is invariant under the involution s" = t(s) _1 . Endowed with the 
Z^-norm, we obtain on T>{S) the structure of a normed *-algebra A with an approxi- 
mate identity. We are mainly interested in the case where G — V is a finite dimensional 
real vector space and S = VL is an open convex cone. In this case we show that the 
spectrum A (=the set of non-zero bounded characters) of A is homeomorphic to a cer- 
tain closed convex cone O C parametrizing the bounded *-homomorphisms S — > C. 
Our main result is a generalization of the Bochner-Schwartz Theorem (Theorem l4.11D 
characterizing positive definite distributions D £ T>'(S) corresponding to contraction 
representations of S as Fourier-Laplace transforms of regular Borel measures on f2. 
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4.1 Some generalities on open subsemigroups 

Let (G, t) be a symmetric Lie group and S C G be an open subsemigroup with 1 G S 
which is invariant under the involution a* = r(s) _1 . Then T>(S) is a convolution 
subalgebra of T>(G) with an approximate identity and involution tp* := 95* o t. We 
define a representation of T>(S) on the space T>'(S) by 

(tp*D)(ip) := Z% tt * V)- 

The following proposition generalizes the classical Dixmier-Malliavin Theorem 
([DM78, Thm. 3.1]) to open subsemigroups of Lie groups. 

Proposition 4.1. Let S C G be an open subsemigroup with 1 G S. Then every test 
function tp G D(S) is a sum of products a * (3 with a, ft G T>(S). 

Proof. Let <ys e D(S). Then supp(<y9) is a compact subset of S, so that there exists a 
1-ncighborhood U C G with C/supp(y) C 5". Pick !i£[/fl S^ 1 and let y C G be a 
1-neighborhood in G with u^V C 5. Then <p o A" 1 = S u * tp G V{S). 

According to |DM78[ Thm. 3.1], S u * p is a finite sum of functions of the form a* f3 
with supp(a) C V and supp(/3) C supp(<5 u * tp) = usupp(tp). Then tp is a finite sum of 
functions of the form S u -i * a * f3, with 

supp(<5 u -i * a) = u^ 1 supp(a) C u~ 1 V C ,5 

and supp(/3) C u supp(y>) C S 1 . □ 

Lemma 4.2. For eac/i 13 G T)'(S) and tp G X'(S') f/ie distribution tp * D is represented 
by the smooth function 

(<p*D)(x) :-^oA T(l) )») 
on 5 which extends smoothly to an open neighborhood of S . 

Proof. The first assertion follows easily from [Wa72, Prop. A. 2. 4.1] if we take into 
account that we defined distributions as antilinear functionals on V(G). 
For the second assertion we note that the function 

$: G ->• 2?(G), x 1 — V tp o \ T ( X ^ 

is smooth. As supp($(x)) = a;" supp(tp) and supp(</3) is a compact subset of S, the set 
S(p :— {x G G: x" supp(<p) C S} is an open neighborhood of S, and the function 

$ : G G : x s suppO) C S} -> 2?(5) , 

is smooth. This completes the proof. □ 

Lemma 4.3. J/ % G T>'(S) is a non-zero homomorphism of ^-algebras, then \ is 
represented by a smooth homomorphism S — > (C, •) of involutive semigroups. If, in 
addition, for every 1-neighborhood U in G the set S n U generates S , then \ has no 
zeros. 
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Proof. Since x is non-zero, there exists ip € 2?(<S) with x{f) 7^ 0- Then 

(<p * x)W0 = xCv" * i>) = x(i>)x{<p) 

implies that 

X = x{v) {<P*x), (21) 
and hence that \ is represented by a smooth function which we also denote by x 
(Lemma I4.2|l . 

For t/j € T>(S) the relation 



(p(s)x(s) dn G (s) = x(f) = x(^) 

p( S t)A( S - 1 )x(s)d^ G ( S )= I v(s)x(s*)dfi G (s) 



implies that x( s ) — x( s )- 

Using (l2T1) . we obtain the relation 

x{<P)x( x ) = Xiiv ° Kfr))*) = x(<f K(x))- (22) 

Now we let tp n be a sequence of test functions with total integral 1 such that supp(y„) 
converges to the point y S S. Passing to the limit in ([22]) now leads to 



xiy^xix) = x(y)x( x ) = x( xi y) = x{y Sx )- 

Therefore x : & ~* (C, •) is a homomorphism. 

It remains to show that x( x ) f° r all x S 5 if 5 is generated by every neighbor- 
hood of 1, intersected with S. Pick x € S with x( x ) 0- Then the open set xS^ 1 is a 
neighborhood of 1 and for z E S D xS^ 1 the relation ^ xi x ) = x( z )x{ z x ) implies 
that x( z ) 0- Since S is generated by S (~l xS" 1 , the assertion follows. □ 

Lemma 4.4. The norm 

IMIi ■= / \<p{x)\(Ihg(x) 



on T>(S) is submultiplicative, so that (T>(S), || • ||i) is a normed algebra and <fr := ip* or 
defines an isometric involution on D(S). 

Proof. We know already from Definition 12.11 that (T*(S), *, jt) is an involutive algebra. 
The submultiplicativity of || • ||i and ||</?"|| = |M|i follow immediately from the corre- 
sponding properties of i 1 (G) because the involution r preserves the Haar measure 
on G. □ 

Definition 4.5. We write S for the set of all continuous homomorphisms x : S — > C 
satisfying 

x(s *) = x( s ) an d x( s ) < 1 for s e S. 
It is easy to see that any defines a *-homomorphism 

C, [ p{s)x(s)dfi G {s), 

Js 

hence is smooth by Lemma 14.31 
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Remark 4.6. Let D € T>'(S) be a positive definite distribution and (ttdj'H'jj) be the 
corresponding representation, where H% — T>(S) * D C V'(S) and TT£>(if)T = <p *T. 

(a) We assume, in addition, that D is 1-bounded in the sense that 

\\D(tp* tp*ip*)\ < U\\iD((p * ip*) for ip,tpeV(S). 

Then the representation of 27(5) on TL'p extends to a representation on the reproducing 
kernel Hilbert space TA. d C V{S) (cf. [NeOOl Th. III. 1.19] and Section©. If D' e V'{S) 
satisfies T>(S) * D' = {0}, then the existence of an approximate identity in S implies 
that D' = 0. Therefore the representation of D{S) on Hn is non-degenerate. 

(b) Suppose, in addition, that S is commutative. We claim that 7Td(<^) = implies 
that if * D — 0. In fact, 7Td {ip) — leads to 

= tvd(<p)(i/j *D) = if*ip*D = ijj*if*D for tp S 2?(f2), 

so that 

z% B = o for ^6f(n), 

i.e., if * D vanishes on T>(S) * T>(S) — T>(S) (Proposition 14. ip . This means that 
ip*D = 0. 

4.2 Open convex cones 

We now turn to the special case where G = V is a finite-dimensional real vector 
space and r 6 GL(V) is an involution. Let Q C 1/ be an open convex cone invariant 
under the involution s" := — r(s). Then (f2, (j) is an involutive semigroup and the 
convolution algebra £>(f2) of test functions on Q is an involutive algebra with respect 
to the involution <f^(s) :— f(s$). 

Since fi is generated by any intersection U (~1 fi, where {/ C V is a 0-neighborhood, 
any non-zero (the set of bounded *-homomorphisms into (C, •)) maps into C x . 

Hence \ extends to a *-homomorphism (V, jj) — > C x , which means that x = e_a f° r a 
linear functional a : V —> C satisfying a" :— aor = a. The set of all these functionals 
can be identified with the dual space of 

V c := {x + iy e Vc : x^ — x, y^ — —y). 

In the following we therefore identify Q with the closed convex cone 

f2 = {a e V c * : (Va; = x^ e ft) a{x) > 0} 

in the real vector space V*. 

Examples 4.7. (a) r = — idy, U = idy, and ft any open convex cone. Then V c = V 
and ft = ft* is the dual cone. 

(b) t = idy and V = ft. Then V c = iV and ft = V* = iV*. 

(c) V = R", r(xo,a;i, ■ • .,acn-i) = (-zo,zi, ■ • -,Xn-i) and 

O := E™ = {x e R n : x > 0} 
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an open half space. Then 

V c = Re + Re J and & = {aeV c *: a < 0}. 

Remark 4.8. For the case Q, = V with t(v) — v, the Bochner-Schwartz Theorem 
f |Schw731 Thm. XVIII, §VII.9]) asserts that D G V'(V) is positive definite if and only 
if its Fourier transform D is a positive measure. If this is the case, then this measure 
is of moderate growth, which implies that D is actually a tempered distribution, so 
that we have an embedding Hn C S'(V) (cf. Example 12.91) . 

Definition 4.9. (a) Let A := C*(V(Q), \\ ■ ||i) be the enveloping C*-algebra of the 
normed involutive algebra (D(£l), \\ ■ ||i) and n: 2?(f2) — > A be the canonical map. 
(b) For each f G T>(Q), the Fourier-Laplace transform 

fi-.n^C, if (a) := [ f{x)e~ a{x) dx 
Jn 

is a continuous function on tt. It corresponds to evaluation of the character e~ a of fi 
on tf. In particular, we have 

(if * ■ if) and f$ = if for ip, xp G 23(0). 

Proposition 4.10. The Fourier-Laplace transform defines a homeomorphism 

T-.h^A, T(a)(j](<f)) := <p(a) = [ f{s) e - a ^ ds, ip e P(fi), 

Jn 

where f2 carries the topology induced from V* and A C A' the weak-* -topology. 

Proof. By definition, the spectrum A of A is the set of all non-zero one-dimensional 
representations of A, which is the same as the set of all non-zero *-homomorphisms 
X- 2?(Q) — > C with Hxll l < 1- in view of Lemma l4~3l any such character is represented 
by a *-homomorphism (3: f2 — >• C x and the condition ||xl|l < 1 corresponds to the 
boundedness of /3. We conclude that T is bijective. 

For f G T>(Vt) its Fourier-Laplace transform (p: — > C is continuous and since 
n(T>(n,)) is dense in A and A is bounded, it follows that a h- > T(a)(A) is continuous 
for every A G A, i.e., that T is continuous. It remains to show that its inverse is also 
continuous. 

To this end, we first observe that the translation action of f2 on 23(0) 

(s.<p)(x) := f(x - s) 
defines multipliers of the C*-algebra A, which leads to a homomorphism 

ry: O -> M(A) S C b (A) 
f [Bl98l Ex. 12.1.1(b)]). More concretely, 

(«.(?)» = f cp(x - s)e- a W dx = [ f(x)e- a< > x+s Ux = e- a( - s) f(a). 
Jn Jn-s 
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For every A € A, the map O — > A, x >-> n(x)A is continuous, i.e., n is continuous 
with respect to the so-called strict topology on M(A). Since r?(0) is bounded and 
this topology coincides on bounded subsets with the compact open topology QGrN09i 
Lemma A.l]), the map 77 : ri — Cb(A) is continuous with respect to the compact open 
topology on Cb(A). This in turn means that the map 

flxA^C, (s, X ) ^X(v(s)) 
is continuous f [Br93l Thm. VII.2.4]), and hence that the map 

fj : A -> il, rj(x)(s) ■= x(v( s )) 

is continuous if Q carries the topology of uniform convergence on compact subsets of f2. 
It is easy to see that this topology coincides with the subspace topology inherited from 
V*. This proves that T is a homeomorphism. □ 

Theorem 4.11. (Generalized Bochner-Schwartz Theorem) Let r be an involution on 
the finite- dimensional vector space V and Q C V be an open convex cone invariant 
under the involution v 1— > v* :— — t(v). 

If D E D'(Q) is a positive definite l-bounded distribution, then there exists a unique 
positive Radon measure [i on the closed convex cone f2 with 

D(tp) = [ Wa)dti(a) for <p e V(tt), 
Jh 

resp., 

D = e_ 5 rf/i(a), e- a (x) — e~ a{ - x \ x G Cl. 
Jn 

Proof. The representation (■Kr> 1 'H D ) of £>(f2) leads to a representation ttd : A —> 
B(J-Lr>) with ttd o n = tto and 7Td(<^) = implies that cp * D = (Remark 14. 6j) . 
We conclude that the map 

factors through a linear map 

7: 7td(X>(0)) ->■ Hd, TT D (ip) ^ tp * D. 

Hence 

K(n D (ip), ir D (ip)) := {tp * D, ip * D) Hd = D(<p* * tp) 

is a positive definite sesquilinear kernel on the dense subalgebra B := 7T£>(2?(f2)) of the 
C*-algebra tt d (A). 

From Proposition 14. 1 1 we know that 2?(f2) * P(f2) = T>(Q), which also implies that 
T>(n) * V(n) * V(il) = X>(Q). Therefore fNeCTOl Prop. II.4.13] shows that the kernel K 
is non-degenerate because all totally degenerate kernels on the *-algebra X>(f2) vanish. 
By assumption, the kernel K is || • ||i-bounded. Now the abstract Plancherel Theorem 
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( [NeOOl Thm. VI. 1.6]) implies the existence of a unique positive Borel measure on 
A = & (Proposition 14. 10|) with 

£)(<p" * ip) — / ^(a)^)(a) d[i(a) = / (ip * ip^J\a) d[i(a). 
Jn Jn 

Applying Proposition 14. 1 1 again, it follows that 

D(<p) = [ (p{a) dfi{a) for tp £ V{S). □ 
Jn 

For a distribution Df(ip) = J n lp(x)f(x) dx given by a positive definite function / 
on f2, we apply the integral representation from the preceding theorem to (^-sequences 
in the point s G to obtain 

f(s)= [ e-«W dfx(a) = [ e-^dfi(a). 
Jn Jn 

This is the integral representation obtained by Shucker in Sh84, Thm. 5] for continuous 
positive definite functions r : fl — > C on convex domains f2 C V satisfying ft + V T = fl 
for which the kernel 

K(z,w) = r( Z+ 2 W ) 

is positive definite. For the case of convex cones, the preceding theorem extends 
Shucker's Theorem to distributions. 

Example 4.12. (cf. Example |4~7)) (a) For an open convex cone ft C V with the 
involution = s, we have ft = Q* and we obtain an integral representation of the 
form 

D = / e- a dn(a), e_ Q (x) = e~ a{x \ x £ fi. 
Jn* 

(b) For t = idy and V — ft we have fl = iV* and we recover the classical 
Bochner- Schwartz Theorem asserting that every positive definite distribution on the 
group (V, +) is the Fourier transform 




of a measure on V* (cf. Remark |4.8|) . 

(c) For V = E™, t(xo,xi, . . . , x n -i) = (—x , xi, . . . , x n -i) and the open half space 
£1 = R™ we obtain an integral representation 

D(x ,x') = f°° [ e ~ Xx «+ i (v^ x ') dfi(X, y). 
Jo Jan 
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5 The complementary series of the conformal group 



In this section we discuss the complementary series (tt s , 'H s )o<s<n of irreducible uni- 
tary representations of the group Oi )n _|_i(R) which acts by partially defined conformal 
transformations on l n and by everywhere defined maps on its conformal completion 
S™ (cf. vD09 ]). These representations are reflection positive for several involutions, 
resp., semigroups, and this leads to a remarkable connection of the distributions ||a;|| _s 
on R™ with positive definite kernels on the open unit ball. 



5.1 The conformal group on R n 

We describe the conformal completion of R" by the stereographic map 

whose image is the complement of the point — cq G S n . 

To obtain an action of the conformal group on the sphere, we embed §™ into the 
set of isotropic vectors of the (n + 2)-dimensional Minkowski space 

The image of this map intersects each isotropic line in R™ +2 exactly once, so that 
it leads to a diffcomorphism of §" with the projective quadric of isotropic lines in 
P(R™+ 2 ). 

The group Oi i , i +i(IR) acts on R n+2 preserving the Lorentzian form. Writing ele- 
ments of R™+ 2 as pairs z = (zq, z') with zq G R, z' G R n+1 , wc find for g = 
Oi )7 i+i(R) the relation 

gz = (azo + (b, z ), czq + dz'). (24) 

If z 7^ satisfies [z, z] = 0, then zq ^ 0. This leads to azo + (b, z') ^ 0. Therefore the 
induced action of Oi, n +i(M) on 

S n = {z = (l,x) : = 1} = {0 ^ z G K"+ 2 : [z, z] = 0}/R x 

can be written as 

g.x = (a+ {b,x)y 1 {c + dx), xeS"CF +1 . (25) 

In terms of the realization of W 1 as the complement ?7(]R n ) of the point — eo in § ra , 
this action of Oi, ra +i(M) on §™ yields an "action" on E ra by rational maps. For n > 2, 
these maps exhaust all conformal maps on open subsets of R n ( |Scho97| Thm. 1.9]). 

The stabilizer of the point — eo G S™ "at infinity" , which is represented by the ele- 
ment (1,— eo) G PJ l+2 is the stabilizer P C Oi in +i(R) of the isotropic line 
R(l, — eo) C R" +2 . This group is a parabolic subgroup of Oi iM +i(R), which acts by 
affinc conformal maps on R" . The latter description easily shows that P is isomorphic 
to 

Aff c (R") := R™ x> (R x x 0„(R)), (26) 
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the group of affinc conformal isomorphism of R n . In the standard notation for parabolic 
subgroups, we have P = NAM with N = R n , acting by translations, A = R x acting by 
homotheties, and M = 0„(R), the centralizer of A in the maximal compact subgroup 
#KO n+ i(R)ofOi, n+ i(R). 

Remark 5.1. The group Oi >n +i(R) does not act faithfully on S™ because the element 
— 1 acts trivially. However, the index 2 subgroup 

O^+iW := {9 G Oi )Tl+ i(R): ,g o > 0} 

of those Lorentz transformations preserving the future light cone 

Sl:={z£l" +2 :[z,z]>0,z >0} (27) 

(cf. ([T]) above), acts faithfully. Note that goo = [<7eo,eo] ^ follows from [geo,geo] = 
[e ,e ] = 1. 

5.2 Canonical kernels 

In this section we discuss the canonical kernel 1 — (x, y) on This kernel is pro- 
jectively invariant under Oi jra +i(R), and the corresponding cocycle J: Oi in +i(K) — >• 
C 00 (S™,R X ) is easily described in terms of the conformal structure. 

On the light cone f2 C R ra+2 (cf. (|27p). we have [x, y] > for x,y £ Q, which leads 
to the canonical kernel [x,y]~ l invariant under the action of Oi. n +i(R). Restricting 
to the sphere S n in the boundary of f2, we find 

[(l,x),(l,y)] = l-(x,2/), 

which leads to the singular kernel (1 — (x, y)) _1 on 

Remark 5.2. (a) For g £ Oi.„+i(R) and i,i/£ § n , we have 

l-(x,y) = [(l,x),(l,y)} = [g(l,x),g(l,y)} 

= [(a +{b,x),c + dx), (a + {b,y),c+ dy)} = (a+ {b, x))(a + (b, y))[(l,g.x), (1, g.y)] 
= (a+(b,x))(a + {b,y))(l - (g.x,g.y)). 

In view of 

\\x-y\\ 2 = 2(1- (x,y)) for x,yeS n , 

this in turn leads to 

\\g.x - g.yf = (a + (6, *))-> + (6, y))- 1 \\x ~ y\\ 2 , (28) 

and hence to 

||dg(a;H| = \a + (6, a;) T 1 ||v|| for v G T B (S n ). 

The function 

J 9 ( 2 ;) = |a+(6,.T)r 1 = ||d 5 (x)|| 
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is called the conformal factor of g. For g G 0]*~ n (K), the number a + (b,x) is always 
positive because it is the 0-component of g(l,x) (cf. Remark 15.11) . The Chain Rule 
implies the cocycle relation 

J siS2 0) = J gi i92-x)J g2 (x), (29) 
and from above we derive for Q_i(x, y) := 1 — (x,y) the transformation formula 

Q- 1 (g.x,g.y) = J g (x)Q- 1 (x,y)J g (y) for x,y G S n ,g G 0+„(R). (30) 
(b) The stereographic map r\ : R" — > S" from (|2"3")) satisfies 
, , , W u -i (l-|N| 2 )(l-|M| 2 )+4(o;,y) ||x-y|| 2 

i - {r]{x),v{y)) = i r, ?ui = 2 : 



(i + ||x|| 2 )(i + || y || 2 ) (i + ||x|| 2 )(i + y| 2 )' 

so that the same argument as above, using \\rj(x) — i](y)\\ 2 = 2 — 2(ry(x), r)(y)}, implies 
that its conformal factor, as a map R™ — > S n , is given by 

J ^ = ni |fa - ( 31 ) 

1 + ||x|| z 

This implies in particular that, up to a normalizing constant, 

2 n 

(T 1 )*^ = (1 + ||x||2)n da: (32) 

is the pullback of the surface measure //§ on §" to R™. 

(c) In view of (b), the pullback of the kernel Q{x, y) = (1 — (x, y))~ s ^ 2 on S™ by 77 
is the kernel 

K(x, y) := 2- s / 2 (l + ||x|| 2 )*/ 2 ||x - 2/ 1 1 s ( 1 + ||y|| 2 ) s/2 (33) 

on R n . 

(d) From (f2"5| it follows in particular, that the cross ratio 

lb \\x-b\\ 
\\V-H Ik -«ll 

is invariant under the action of Oi , i+ i(R) on the set of pairwise distinct 4-tuples in 

Remark 5.3. (A conformal Cayley transform) We consider the involution c G Of n+1 (R 
defined by 

ceo = eo, cei = e%, ce2 — e,\ and cej = ej for 2 < j < n+ 1. 
With respect to the action defined in (1231) . we then have 

^ x )) = 1 , I. 112 ( 2x 0' 1 ~ ll x H 2 ' 2xi, ... , 2x„_i) = rj(tp(x)) 

1 + x r 
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for the map 



(p(x) 



1 - \\x\\ 2 2xi 2x n . 



1 + \\x\\ 2 + 2x ' 1 + IN! 2 + 2x ' ' ' ' ' 1 + IMP + 2x r 



This formula implies that x > is equivalent to ||y(x)|| < 1 and <p(— eo) = oo. 
Therefore </? is an involutive conformal map on R ra mapping the open half space R™ 
onto the open unit ball T> C R™. For xo = we have <p(x) <E §™ _1 and 

rn s f l - INI 2 2a?i 2a; n _i \ 

^ ' J u+iHri+iixp'-'-'i+iizpJ 

is the stereographic map R" _1 <-i §™ _1 whose image is the complement of — eo- 



5.3 A Hilbert space of measures 

We now assume that < s < n, so that ||x||~ s is locally integrable on R". From 
the positive definiteness of the distribution \\x — y\\~ s (Lemma 12 . 13|) . it follows that 
the kernel K in ([33| is also positive definite. Accordingly, the kernel Q(x, y) := 
(1 — (x,y))~ s / 2 on §" is positive definite (cf. Remark ET27 b)) . 

Let /U§ be the O ra +i(R)-invariant measure on §™, which, in stereographic coordi- 
nates, is given by 

2 n 

Remark 5.4. Let X be a locally compact space. A Radon measure /i on X x X is 
called positive definite if 

/ f(x)mdn(x,y)>0 for / G C C (X). 

J XxX 

Completing C C (X) with respect to the scalar product 

(f,9)» ■= / f(x)g(y)dfi{x,y) 

J XxX 

then leads to a Hilbert space (cf. Remark l2.2|) . If X is compact, then % p can most 
naturally be realized as a subspace of the space M(X) :— C(X)' of Radon measures 
on X via the inclusion 

T( i :H li '-} M(X), T tl (f)(g) = (f,g) ll , T^(f)(E) = / f(x)d^(x,y). 

JXxE 

In the special case where \i has a density p with respect to a product measure 
Hx ® Mx, the measure T M (/) can be written as T ll (f)nx with 

Fn(f)(y) = / f(x)p(x,y)dp. x (x). 
Jx 



33 



Lemma 5.5. For Q(x,y) := (1 — (x, y)) s l 2 and < s < n, the measure 

dfi(x, y) := Q(x, y) d/Js{x)d/j,s(y) (34) 

on S™ x S" is a finite positive Radon measure which is positive definite. 

Proof. First we observe that the O n+ i(]R)-invariance of the measure /x§ and the ker- 
nel Q implies that the function F(y) :— j„ n Q(x, y) d^{x) is constant. For y = eo, we 
find with |vD091 Prop. 7.3.11] and some c> 0: 



^(eo) = / Q(x,e )dti$(x)=c (1 - ty s / 2 {l - t 2 )^' 2 dt 
JS" J-i 

= cj (1 + t)("- 2 >/ 2 (l - £ )(«-2- s )/2 dt ( 35 ) 

and this integral is finite if and only if s < n. This implies that 

M§"x§")= / F(y) d/j,§(y) < oo. 



To see that fj, is positive definite, we use the conformal map n: M" — > S" and 
Remark l5.2f b) .(c) to obtain 



I 



f{x)f[y)d^{x,y)=c 2 \n+ s /2 n 2^»+ s /2 n ill - °> 

"xs- Jk-xr- (i + f 1 1 + \\y ) + 1 \\ x - y\\ 



where we have used that the the kernel ||a: — y\\ s is positive definite for < s < n 
(Lemma [2T3J). □ 

Lemma 5.6. For f G C(S n ), the function 

F(f) : S n -> C, T(f)(y) := f f(x)Q(x, y) d/xs(x) 

is continuous. 

Proof. It is enough to show that F(g) := L„ f(x)Q(x, g.eo) dfj,§(x) is a continuous 
function on O n +i(K). In view of Q(x,g.y) = Qig^ 1 -x,y), we have 

F(g)= [ f(g.x)(l~{x,e ))- s / 2 d^(x). 



The claim now follows by |/(<?.a:)(l — (x,e ))~ s / 2 \ < ||/||oo(l - (x, e ))~ s / 2 and this 
function is integrable by (j3"5j) and g i— > \ f(g.x)\ is continuous. □ 

Definition 5.7. (The Hilbert spaces H s , < s < n) Lemma [5.51 implies that fj, is 
positive definite, so that we obtain with Remark 15.41 a corresponding Hilbert space 
%s '■= Hfi C A4(S> n ) of measures. It is the completion of the range of the map 

T M : C(S n ) ^ M(S n ), f»T(f)iMt, 

with respect to the inner product 

(r(A)/is,r(/ 2 ) / i S ) = (/ 1 ,/ 2 ) M . (36) 
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Lemma 5.8. The prescription 

, n T s/2-n 

TT 8 (g)v := J g U ■ g*v 

defines a unitary representation of G — Of n+1 (R) on the Hilbert subspace H s C 
M(S n ). 

Proof. For g 6 G we recall from Remark 15.2( a) that 

Q(g.x,g.y) = J;' /2 (x)J-''*(y)Q(x,y). (37) 
The measure /z§ transforms according to 

3*Ms = ^g-i ' Ms f° r jeC. (38) 
Combining (13"T1) with (I3"5)) leads to 

d(fl,/i)(ar, y) = J 9 -x (*)"- s/2 J g -, (y) n - s / 2 d^x, y). (39) 
Therefore the action of G on G(§") defined by 

9-f ■■= J^ /2 ■ 9*1 = 9*(jf- n • f) (40) 

satisfies 



(g-h)(x) ■ 9-h{y)dii{x,y) 

S"xS" 

(jf- n f 1 )(x)(jf- n f 2 )(y)d(g^ t x)(x,y) = f h{x)h{x) dfi(x,y), 

i.e., the sesquilinear form defined by the measure [i on G(S n ) is invariant under the 
G-action. This in turn implies that is equivariant with respect to the action on 
H s C M(S n ) given by 



(g.u)(f) := K-T 1 -/) - ^GT 1 ).^?"" ' /)) = M(J S J-\- n ■ f) = {J S J-\- n ■ 9*v)(f)- □ 
Remark 5.9. The preceding proof shows that the map 



is G-equivariant with respect to the action on G(S") given by ((^Ujl : g.f :— J™-^ 2 -g*f- 
As Tr s (g)(T(f)[is) = J s J-i ■ g*T(f)ns, it follows that 

T(g.f) = T(j;- S/2 ■ gj) = jf x ■ g r T(f). (41) 

Remark 5.10. For n = 1, every diffeomorphism of S 1 is conformal, so that one may 
expect that the representation ir s on Ti s can be extended from 0^2 (R) to the group 
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of all diffeomorphisms of S 1 . Clearly, the conformal cocycle J g (x) :— \dg(x)\ is well- 
defined, but we also need the projective invariance of the kernel Q, i.e., the invariance 
up to a cocycle. In view of Remark 15. 2f d). the projective invariance of Q under some 
g G Diff(§ 1 ) implies the preservation of the absolute value of the cross ratio. This 
implies that g is fractional linear. In fact, composing with a suitable fractional linear 
map, we may assume that g fixes 0, 1 and oo. Then the invariance of the absolute 
value of the cross ratio leads to \g{x)\ = |x| for a; G R (in stereographic coordinates). 
Now g(l) = 1 implies that g — idgi. 

The following abstract lemma is useful to identify smooth and distribution vectors 
for the representation (7T s ,'H s ). 

Lemma 5.11. Let X be a topological vector space and F\ C F2 C X be two linear 
subspaces, both carrying Frechet topologies for which the inclusions Fj — > X, j = 1,2, 
are continuous. Then the inclusion 1 : F\ — > F2 is also continuous. 

Proof. Since F\ and F2 are Frechet spaces, it suffices to verify that the graph of l is 
closed. So let (v n ,L(v n )) — > (v,w) in F\ x i 7 ^- Then v n — > v in F\ implies v n — > v in 
X. We also have v n — > w because the inclusion F2 — > X is continuous, and this leads 
to w = v. Hence the graph of l is closed. □ 

Lemma 5.12. For each f G C°°(S n ), the element r(/)/ig G H s is a smooth vector. 
Conversely, every smooth vector v G l~Uf is of the form Vf = for a smooth 
function f G C°°(S") and the so obtained map Hf -> C°°(§™),^/ / is continuous. 
In particular, its adjoint defines a linear map 

V: V'(S n ) -► n;°°, *(D){v f ) := £>(/). 

Proof. In view of ||r(/) Ms || 2 = (/, f}„ (cf. (06])), the map 

C(§ n )^H s , f^T(f)fMt 

is continuous. We have seen in (|41[) that it is G-equivariant with respect to the action 
on C(§") by g.f — J n ~i g*f- As the cocycle J is smooth, smooth functions / on §" 
have smooth orbit maps for this action, so that r(/)^§ G 'Hf. 

From |DM78[ Thm. 3.3] we know that Uf is spanned by ir s {V(G))U s . Accordingly, 
we obtain for the maximal compact subgroup K = O n+ i(R) of G = Of n+1 (M) that 
the corresponding space W^(K) of smooth vectors for K is spanned by tt s (V(K))T-L s . 
Since K acts on S n by isometries, Jk = 1 for every k G K, so that n s (k)v = k*v. As 
% s is realized in A4(S n ), which can be identified with a subspace of A4(K) because K 
acts transitively on S", it follows that 

nf C span{Tr s {V(K))n s ) C V{K) * M(S n ) C C°°(S") • fi$ 

(cf. |Wa721 Prop. A.2.4.1]). From the continuity of the inclusions Uf -> Uf{K) 
AA(W l ) and Lemma [5. Ill it now follows that the linear map %f C°°(S™) is also 
continuous. Its adjoint therefore defines a continuous linear map V(S n ) — > Uj 00 ■ □ 
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Remark 5.13. The representations (tt s , 'Hs)o<s<n are complementary series represen- 
tations. Those representations are well known and arise from intertwining operators, 
usually given by singular integral operators, [KS71] . The reader finds a detailed dis- 
cussion in Section 7.5 of |vD09j . 

6 Reflection positivity for tt s 

In this section we study reflection positivity for the complementary series represen- 
tations (n a , 1-L s )o<s<n introduced in the preceding section. It turns out that these 
representations of the conformal group Oi. n +i(R) on R™ provide a natural context for 
relating reflection positivity, resp., positive definiteness of kernels of the form K{x, r.y) 
(cf. Example 1 1.3|) on open half spaces and open balls. 

6.1 The half space picture 

Formulas for kernels and questions of positive definiteness turn out to be simpler for 
the open half space R™ compared to the open unit ball V. In particular, this connects 
much better with involutive semigroups and integral representations of positive definite 
functions thereon. We therefore discuss this case first. 
As before, let 

D = {zeK":z > 0, [z, z] > 0} C R™ 

be the forward light cone and Tq := O + iR ra C C™ be the corresponding tube domain. 
Then it is easy to show that the complex bilinear extension of [■, •] to C™ satisfies 

A(z) := [z,z] / for zeT n . 

Since To is simply connected, there exists a holomorphic function log[z, z] taking the 
value in eo- We thus obtain on this domain for each A 6 R a holomorphic function 

A~ A : Ih ^C x , z h+ e -Al°8[*.*]. 

Since (x + iy)* :— x — iy defines on To the structure of a complex involutive 
semigroup, the function A A defines a kernel (z,w) H- A~ A (z + w*) on To. From 
[FK941 Thm. XIII. 2. 7], we know that this kernel is positive definite, i.e., A~ A is a 
positive definite function on To, if and only if 

(42) 

From |FK94[ Lemma X.4.4 and p. 262] it now follows that this is equivalent to the 
positive definiteness of the function A~ A on the light cone fl. 
The domain 

Sl c = {ze T : z Q e R, zi, . . . , z n - X € «R} = R+ x iW 1 

is a totally real submanifold and also an involutive subsemigroup of To. Therefore 
Theorem I A . 1 1 implies that the restriction of A~ A to il c is a positive definite function 
if and only if (g^J) holds. 
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Define l : R™ — > C™, x H> (xo,ixx, . . . , ix n -i)- Then t restricts to an isomorphism 
of involutive semigroups R™ — > £l c , where the involution on MS_ is given by 

(x ,xi, . . . ,x„_i) tt = (x , -xi, . . . , -x n -i). 

In view of A(l(x)) = [l(x),l(x)] = \\x\\ 2 , we have for A = s/ 2 the relation (t*A~ A )(iz;) = 
||a;||- s . This leads to: 

Proposition 6.1. The function \\x\\~ s is positive definite on the involutive semigroup 
(R™ , jj) if and only if s — or s > max{0, n — 2}. 

Proof. For n > 2 this follows from the preceding discussion, and for n = 1 we have 
already seen in Example 13.61 that the function x~ s is positive definite on M + for 
s > 0. □ 

6.2 The ball picture 

Proposition 6.2. The kernel 

R(x,y) :=(l-2(.T,y) + ||x|| 2 || 2/ || 2 )^/ 2 

on the open unit ball T> C R n is positive definite if and only if 

s = or s > max(0, n. — 2). 

Proof. Open half spaces and open balls in M™ are conformally equivalent. The equiva- 
lence is obtained by rotation a lower hemisphere (open ball) in the conformal compact- 
ification into a right hemisphere, which corresponds to a half space. Let c G 0„+i(M) 
be an involution exchanging R™ with the unit ball T> and c be the corresponding map 
on R" defined by r\ o c — c o n (Remark 15. 3p . Then J c — 1, so that c leaves the kernel 
Q invariant. 

Let r £ G be the element inducing on R" the reflection r in 9R™ = R™ _1 , and 
a be the reflection in dT>. Then r = cere. Now the invariance of the kernel Q on S™ 
under c leads to 

^OtOe)) 2/) = Q(v(t(x), n(y)) = Q{TT)(x),r}(y)) = Q(acn(x), cn(y)) 
= Q(r](ac(x)),r)(c(y))) = K(a(c(x)),c(y)). 

Clearly, this kernel is positive definite on R" if and only if K(a(x), y) is positive definite 
on V. 

From a(x) = jj^p we obtain 

\\x\\ 2 \\o{x) - y\\ 2 = ||^ - Nl2/f = 1 - Hx,y) + \\xf\\yf. 

Therefore the pullback of the kernel Q(a(x),y) under n is given by 

K{a{x),y) = {l + \\a{x)\\ 2 y' 2 Mx)- y \\- s {l + \\y\\ 2 yl 2 

= (1 + \\xfy/ 2 \\x\\- s \\a(x) y\\- s (l + \\yfy/ 2 (43) 
= (1 + \\x\\ 2 y/ 2 (l 2(x, y) + ||x|| 2 ||j/|| 2 )- s / 2 (l + \\y\\ 2 y/ 2 . 
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We conclude that the kernel K(r(x),y) is positive definite if and only if R is positive 
definite. 

Next we observe that 

K(r(x),y) = (1 + ||rOr)l| 2 )* /2 ||r(s) - y||-(l + \\y\\ 2 y/ 2 

= (l + \\x\\ 2 y' 2 ((x + yo) 2 + Ik'- y'\\T s/2 (i + \\y\\ 2 Y /2 

is positive definite if and only if the kernel 

(x,y)^((x +yo) 2 + \W -y'W 2 )^ 2 

is positive definite on R™. This means that the function A(x) = |ir||~ s is positive 
definite on the involutive semigroup (R+,— r). In view of Proposition 16.11 this is 
equivalent to s = or s > max(0, n — 2). □ 

Remark 6.3. For an alternative proof of the preceding proposition, one can observe 
that the unit ball T> C R" is a totally real submanifold of the Lie ball T>c C C". Since 
R is a power of the Bergman kernel on the Lie ball which is biholomorphic to the 
tube domain Tq, one can also derive our result from FK94| Thm. XIII. 2. 7] by using 
Theorem ED and V = V c n R". 

Example 6.4. (a) For n = 1 we have R{x,y) = (1 — 2xy + x 2 y 2 )~ s / 2 = (1 — xy)~ s , 
which is positive definite for each s > 0. 

(b) For n — 2 the kernel i? is also positive definite for s > 0. This is basically due 
to the fact that it corresponds to the positive definiteness of the function A~ s / 2 (x) = 
[x,x] _s / 2 on the open light cone f2 (cf. Subsection 16. ^From 

[x, x] = Xq — x\ = (xq — Xi)(x n + X\) 

we obtain a factorization of this function, so that the positive definiteness of the 
functions (xq ± x\)~ s / 2 on Q for s > implies that R is positive definite. 

6.3 Reflection positivity on Tl s 

Let us fix some notation used in this section. We write G = 0^ n+1 (R) and g = 
Oi,„+i(R) for the Lie algebra of G. Let D C R" be the interior of the unit ball and 
T> = rj{T>) be its image in S™. We consider the corresponding compression semigroup 

S v ■= {g G G: gV C V} 

in G. Let a £ G be the element implementing the conformal reflection a{x) = x/\\x\\ 2 
in W 1 - 1 = dV. On it acts by 

(so,xi, . . . ,x n ) H> (-a; ,a;i,...,a; n ). 

According to (|25|) . it is realized by the diagonal matrix 

a :=diag(l,-l, !,...,!) e Oi,„ +1 (R). 
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The corresponding involution on Oi iIl+ i(R) is given by the conjugation by the same 
matrix. Ad(cr) defines an involution on g, so that g decomposes into ±l-eigenspaces 
= f) © q, where f) = Fix(Ad(a)) and q = Fix(— Ad(cr)). The Lie algebra f) is 
isomorphic to Oi )rl (R). 

Proposition 6.5. Let a 6 G be the conformed reflection in dV. Then 

S v = H exp(C), where H = 0^ n (R) C G" 7 , 
and C C q is a closed convex Ad(H) -invariant cone. 

Proof. Let Go be the simply connected covering group of the identity component 
Go = Oi, n +i(R)o = SO] l " Jl+1 (R) and a denote the lift of the involution defined by 
conjugation with a on Go to its universal covering group Go- Then the group (Go) cr 
is connected f [Lo69l Thm. IV.3.4]). From [HN951 Thm. VI.ll, Rem. VI. 12] we thus 
derive that 

SvCiGo = SO£„(R)exp(C) 

for a proper closed convex cone G C q which is invariant under Ad(SOf n (R)). 

Since the group G has two connected components determined by the values of the 
determinant, and 

H = 0+ n (R) C G a S Oi(R) x 0+„(R) = {1M x 0+ n (R) 

likewise does, it follows that G = HGq. Clearly, G a preserves the fixed point set dV 
of a in S" and a exchanges the two connected components of its complement, which 
are both preserved by H. This shows that H C Sx>- 

Pick h £ H with det(fto) = -1. If s € S-p \ G , then h x s eSpfl G , so that 
S v = H(S v nG ) = Hexp(C). □ 

Let K = 0„(R) C 0^ n+1 (R) and H K := H n K ~ O n _i(R). On the subgroup 
A = (R+, •) C G, acting on R™ by multiplication with positive scalars (cf. ([26])). the 
involution a acts by inversion, so that there exists a Lie algebra element x such that 
A n S — exp(R + a; ) is a one-parameter semigroup acting as (]0, 1[, •) on R™ which 
commutes with H K . Moreover, we have G = Ad(H)R + x a , (cf. |HQ961 Sect. 4.4]). 

On the Hilbert space T-L s C A / l(S n ), we consider the involution J := ir s (a), where 
a e G = 0^" n+1 (R) is as above. 

Lemma 6.6. If s = or s > n — 2, t/ien i/ie closed subspace 

K := {r(/)// s : supp(/) CD} C H s 

is J -positive. 

Proof. As cr acts isometrically on S n , we have J a = 1, so that 

:= 7T s (cr)^ := <J*v. 
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For / G C C (V) we thus find 

(jr(/)/i S ,r(/)/x s ) = (T(aJ)^,T(f)^) 



f{°~( x ))f(y)Q(x, y) d[i S (x)dns(y) 



f(x)f(y)Q{(r(x), y) dfj,§(x)dn§(y). 



To evaluate this integral in stereographic coordinates, we recall from (|43|) the proof of 
Proposition 16.21 that the pullback of the kernel Q(a(x), y) under r\ is 

(1 + ||.T|| 2 r/ 2 (l - 2(x,y) + ||x|| 2 ||y|| 2 )- s / 2 (l + \\y\\ 2 y/ 2 . 

We thus obtain with a positive constant c': 



(Jv, v) = c! 



f(x)f(y)(l + \\x\\ 2 y/ 2 (l + \\y\\ 2 y/ 2 dx dy 



(1 - 2{x,y) + |M| 2 ||y|| 2 ) s / 2 (1 + (1 + \\y\\*y 



That this expression is non- negative for / £ C C (T>) follows from Proposition 16.21 □ 

Theorem 6.7. For x 6 S"" 1 = (S") CT let 5 X G HJ 00 be the delta measure in x. The 
triple (tTsjHs, S x ) is a reflection positive distribution cyclic representation for (G, r, Sjj) 
if s = om — 2 < s < n . 

Proof. If (f G V{G) then TrJ 00 ^)^ G Uf C V{S n )fi s . Thus ttJ 00 ^)^ = for 
some uniquely determined (p 1 * G 2?(8"). 

To determine this function, we first have to identify the distribution vector S x 
as a measure on Since (S x ,r(f)(i§) — T(f)(x) for / G C°°(§ n ), the measure 
corresponding to 5 X is 

r*^) = Q X ■ Us 
and therefore ttJ 00 ^)^ corresponds to the measure 

v{g)Tr s {g){Qx ■ ^s)dfi G (g) = ( / ip{g)J s a / - 1 g*Q x dn G (g)) ■ Ms, 



<^ b = / i p(g)J^- 2 ig*Qxdjj, G (g). 



IG 

which means that 



Let G x be the stabilizer of x in G. Then G/G x ~ S™ via gG^ h-> g.x. The 
quasi-invariant measure /is on 8" and the left invariant measure on G are related b}jf| 

f{g)Jg{x)dfj, G (g) = / f(kp)dnG x (p)dfis(k.x). 

G JS" JG X 



3 This formula is most easily verified by showing that / i-> J s „ f G fi^pJJ^ix) d^iQ^ (p) d[ig(k.x) 
defines a left invariant integral on G. 
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From (|37]l we have Q(g.x, g.y) = J g b ^ 2 {x)J g s ^ 2 (y)Q(x,y) and hence 
Mx)(v) = Q(9-^y,x) = Q(y,g.x)J s J 2 {x)J s g ' 2 {g-\y) = Q(y,g.x)jf(x)j;_T(y). 
This leads to 

tp b = / ip{g)J s g /2 {x)Q g . x dn G {g) = / / J^ 2 ' 71 (x)<p(gp) d^ Gjs (p)Q g . x d^ s (g.x) . 
This means that 

^=T($) with *[g.x)= ( J s g l 2 - n {x)^{gp)d^ G M- (44) 

As J g (a;) > for all g it follows that the map T>(G) — > T>(S n ), <p n> $, is surjective 
and hence that w~°°('D(G))S x is dense in H s . Thus 6 X is a cyclic distribution vector. 

Suppose that supp(<,s) C and assume that $(g.x) ^ 0. Then there exists p E G x 
such that £ supp(<y9) C S^,. Hence g.x £ S%.x C 2?. Thus supp$ C 2?, and hence 

n-°°(V(S))6 x C (45) 
(cf. Lemma l6.6j) . The claim now follows from Lemma 16.61 □ 

Remark 6.8. As 0„(K) acts transitively on S™ we can in (|4"4")l assume that g £ 0„(R). 
Then J g (x) = 1 and J g p(x) = J g (p.x)J p (x) — J p (x). Thus 

*(g.x) = f Mx) s / 2 - n (xMgp) d» Gx (p) 

for g e 0„(R). 

Remark 6.9. If a is a positive linear combination, or even an integral with respect to 
a positive Borel measure, of ^-distributions supported on S n_1 , then (1431) shows that 
■K~°°(T>{S))a C K. According to Remark [5.131 and [vD09, p. 119], the representation 
(n s , H s ) is irreducible. Thus every nonzero distribution vector is cyclic. It then follows 
that (7r s , 7i s , a) is a reflection positive distribution cyclic representation. In particular 
this holds for the measure //§r»-i. We have 

r*(/xsn-i) = / Q x dfj,§ n -i(x) fi§. 

Let q — f) © q be a symmetric Lie algebra corresponding to the involution r on 
G and g c := f) © iq the c-dual symmetric Lie algebra. Let G c denote the simply 
connected Lie group with Lie algebra q c . Then r defines an involution on G c and 
(G C ) T is connected ( |Lo69l Thm. IV.3.4] or [He78| Thm. 8 2,p. 3 20]). The symmetric 
space G C /(G C ) T is the c-dual of G/H. As explained in [JO00 a , Sections 6 and 10, 
see also [HN93j , |JQ98) , the reflection positivity and the Luscher-Mack Theorem now 
gives an irreducible highest weight (or positive energy) representation of the c-dual 
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group G c on K,j. Multiplying by i in the second coordinate transforms the Lorentz 
form [x, y] = x a y - x x y x - ... - x n+ iy n +i into the form 

[x, y\i = x y + xiyx - x 2 y 2 - ... - x n +iVn+i- 

Hence the group G c , c-dual to Oj n+1 (M), is locally isomorphic to 02, n (K) • We point 
out that the condition that s — ot n~2 < s < n indicates that this construction docs 
not carry over to infinite dimension, or the duality between 0^ oo (R) and 02 jO o(R)- 
This is also reflected in the fact, that the group 02,oo(R) does not have any unitary 
highest weight representations f |NQ981 pp. 276/277]', jNellbl Thm. 7.5]). 

Remark 6.10. We have seen above that the open cones f2 and K™ , endowed with their 
natural semigroup involution, can be viewed as real forms of the tube Th = f2 + «K™, 
endowed with its natural involution given by conjugation. Every positive definite 
function ip: O — > C extends to Tq ( |Sh84[ Cor. to Thm. 4]) and hence restricts to 
K™ but the converse is not true. For bounded positive definite functions on fi, we 
know that they are precisely the Laplace transforms ip — C(fi) of measures /i on the 
dual cone 51 = Q* whose Laplace transform is defined on Q. Likewise bounded positive 
definite functions on R™ are Fourier-Laplace transforms of measures on the closed half 
space R™ D fl* and not all of them extend to holomorphic positive definite functions 
on T . 

A Propagation of positive definiteness 

In this appendix we discuss some useful results providing criteria for kernels on complex 
manifolds to be positive definite. 

Let M be a connected complex Frechet manifold, M its complex conjugate, and 
K: M x M — > C be a holomorphic function. We call such functions holomorphic 
kernels on M . A submanifold S C M is called totally real if, for each point s 6 S, 
there exists a holomorphic chart ip: U — > Vc, where U is an open neighborhood of 
s in M and Vc is a complexification of the real locally convex space V, such that 

<p(u n s) = <p(u) n v. 

The following theorem generalizes [Kr49 , §1.8] from domains in C to complex 
Frechet manifolds. 

Theorem A.l. For a holomorphic kernel K on the complex Frechet manifold M the 
following conditions are sufficient for K to be positive definite: 

(i) K is positive definite on a non-empty open subset. 

(ii) K is positive definite on a non-empty totally real submanifold. 

Proof, (i) Step 1: Let ^ U C M be an open subset on which K is positive definite 
and H := 7-LK\ UyU Q 0(U,C) be the corresponding reproducing kernel Hilbert space. 
We want to show that the corresponding realization map 

T .U^H, j(s) = K s , K s (t) = K{t,s) = (K s ,K t ) 
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extends to an antiholomorphic map 7: M — > TL. 

If this is the case, then, for each s G U, the map M 4C,mH (if s , 7(777)) = 
y(m)(s) is holomorphic. For m G M we have 

7(m)(s) = if m (s) = if (s, m) = if (m, s), 

so that the uniqueness of analytic continuation implies that 7(777) (s) = if m (s), i.e., 
7(777) = K m \jj. We conclude in particular that, whenever 7 exists on some connected 
open subset N C M intersecting U, we necessarily have 7(77) = K n \v for each n G AT. 
Next we note that the function 

M x M -> C, (777, 77) H> (7(77), 7(777)) 

is holomorphic and coincides for (771,77) G U x U with if (777,77). By uniqueness of 
analytic continuation, we thus obtain 

if (777, 77) = (7(77), 7(777)) for 777, 77 G M, 

and hence that if is positive definite on iV x N. 

Step 2: Suppose that Ni and A/2 are two open connected subsets of M containing 
U on which antiholomorphic extensions j Nl : Ni — »• H and 7 2 : N2 — > H exist. For 
each n e JVi n A^ Step 1 implies that 7^ (77) = if„|c/ = 7^(77), so that 7 Wl |Ar in 7V 2 = 
T^jjVin^- Therefore these two maps combine to a holomorphic map 

1 n 1 un 2 . N 1 uN 2 ^'H. 

Let N C M be the union of all open connected subsets of M containing U on which 
an antiholomorphic extension of 7 exists. Then 7 extends to a holomorphic map on 
N, and, in view of Step 1, it only remains to show that N = M. 

Step 3: N = M. We argue by contradiction. Suppose that mo G M is a boundary 
point of AT. For each open connected neighborhood U of too the intersection J7 n N is 
non-empty. Since K is in particular continuous, we may choose U so small that K is 
bounded on U x {/. Fixing a local chart around mo, we may further assume that U is 
biholomorphic to an open convex subset of a complex locally convex space X. In the 
following we therefore consider U as such an open subset. 

Then the arguments in the proof of [Nellal Thm. 5.1] imply the existence of an 
open O-neighborhood Ui C X (only depending on the bound for K on U x U) such 
that for every point m £ N (~\ U , the Taylor series of 7 in m converges in to + Ui to 
a holomorphic function which coincides with 7 in (m + f/i) fl AT. Since A^ intersects 
7770 ~ U\, there exists an to G A" with too G m + 17%. Therefore the holomorphic 
function 7|( m +i7i)riJV ^ extends to a holomorphic function 7: m + Ui — > %. Step 2 
now implies that m + Ui C JV, contradicting too G dN . This proves that M = N. 

(ii) Let 7^ S C M be a totally real submanifold on which K E := if |sxs is positive 
definite. Then wc obtain a reproducing kernel Hilbert space T-L := T-Lk^ 01 functions 
on S. Again we want to show that the corresponding realization map 

7 :£->H, 7(*)=Af, iff(t) = if s (t,,s)-(iff,if t E ) 
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extends to an antiholomorphic map 7: M — > H. 

As in (i), any holomorphic extension 7: U — > 7i to an open connected subset 
intersecting £ satisfies 7(w)|e = Ku\t, for it G U and 

(7(u), 7(v)) = K (v, u) for u,v,&U. (46) 

Since if is real analytic on S x S, it follows from |Nella| Thm. 5.1] that the map 
7 : £ — »■ % is analytic. By definition, each point s € £ has a connected neighborhood 
to which 7 extends holomorphically. The preceding argument shows that all these 
extensions can be patched together, so that 7 extends holomorphically to an open 
neighborhood U of S. Now (|46p implies that K is positive definite on U. Therefore 
(ii) follows from (i). □ 
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